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Neighborhoods and Partial Sums of a New Class of Meromorphic Multivalent
Functions Defined by Fractional Calculus

Abstract

In this paper, we introduce and study a new class A** (A,1,v,n,p,,T) of meromorphic multivalent functions
defined by fractional calculus operator of the punctured unit disc U**. On this class we obtain several
results like, coefficient inequality, modified Hadamard product, (N,8)- neighborhood, partial sums, convex
linear combination and integral operator.
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meromorphic multivalent function; coefficient inequality; convex linear combination; neighborhood; partial
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1. Introduction

Let W*(p) be the class of meromorphic functions of
the form

f(Z):Z7p+ZanZn> (nvaN: {17273""})7
n=p

which are analytic and multivalent in the punctured
unit disc
U'={z€C :0<|z|<1} =U - {0}.

We say that f(z) is meromorphic multivalent starlike
and meromorphic multivalent convex of order

0(0<d<p, z€, U'f(2)#0and f(z)#0), respec-
tively [11] if—Re{Z]{‘(g)}>6 and — Re{lJr
e >0

Let A*(p) denotes the subclass of W*(p) containing
functions of the form

f(z):z”’—&—Zanz”, (a, >0, n,peEN={1,2,3,...})
n=p

(1)

In 2013 Atshan et al. [8] introduced the fractional
differ-integral operator. They defined that operates as
follows:

I'(u+v+n—2)I(n)

I'(p+n)I'(v+mn)

I'(w+v+n—2)I(n)
I(u+m)I'(v+mn)

Wit (o) =

where, Jéig’””’ is the generalized fractional derivative
operator of order A, defined as

Z

1 d |,
JLN:VJ] — A—p tnfl _¢ A F
0

t
A= 121 —E)f(t)dt ,

https://doi.org/10.33640/2405-609X.1012

(0<A<1,u,nER,vER") (3)

wheref is an analytic function on a simply-connected
region of the z- plane containing the origin and multi-
plicity of (z — t)'1 is removed by requiring log(z — 1) to
be real when (z — £) >0, provided further that

f(z) =0(l2[")(z=0), (r>(max{0,u} —n)) (4)

and! é‘z‘ * is the generalized fractional integral operator
of order A, (— oo < A< 0)defined by

~Gew) |
v, < _ _
=Sy | [ e
0
t
+ /L —V,A, 1 _E)f(l) )
(—OOSA<O,,U,,7]ER,VER+) (5)

wherefis constrained and the multiplicity of (z — )"~
is removed as above and r is given by the order estimate

(4>it follows from (3) and (5), that

Jot " f(2) = T2 (), (6)
and

It (2) = 152" f (2) (7)

P ) 02a<1)

Z7p+,7+113:,;,u,n [z“*"f(z)] (o0 <2A<0),

where J3*”! and I5*"'are the familiar Owa-Saigo-
Srivastava generalized fractional derivative and integral

operator respectively (see References [14—16].
Also

Jo2"'f(z) =Dif(2) (8)
and
I57" f(2) =D (2) 9)
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WhereDi andD_ *are the familiar Owa-Srivastava frac-
tional derivative and integral of order A, respectively
(see, Owa [13], Srivastava and Owa [14]).
Furthermore, in terms of Gamma function, we have
Ikt (k+n—p+v)
I'k+n—wI(k+n+A+v)

k+n—p—1

A
J,uv'r]k ,

(10)

(0 <A< 1,,u,17€R,VER+) and (k> (max{0,u} — 7)),

and
IM”nk I'k+n)I'(k+n—p+v) AAn—u-l
I'k+n—uwI(k+n—2A+v) ’
(11)
(— o0 <A<0,u,nER,vER") and (k> (max{0,u}

—1)).
Now by using (1), (10) and (11) in (2), we find that

Wt f (z _”—l—ZT)””’anz (12)

Provided that — co <A<1, u+v+n>A, u> — 7,
n>0, pEN, fEW(p)and
TL/LJJ] _ (,LL + n)n+p(y + n)nﬂ? ]
n (v 4+1=2),,,M,.,

It may be worth noting that, by choosing

u=2A, n=1andp =1, the operator Woi“’nf( ) re-
duces to the Ruscheweyh derivative D*F(Z)for the
meromorphic univalent function [18].

Next, we define the new class of meromorphic
multivalent functions by giving the condition for the
function f which defined in (1) belongs to the
classA®(a, ¢, k, 8, a, v, w), by using (11).

Definition 1. A function fEA"(p) of the form (1) is
said to be in the class A" (A, u,v,n, p,{,7), if satisfies
the following condition:
z (W)‘”"f )) +z(p+l)(W8:‘;'V'r’f(z))‘
Wik Tf(z)
2(Wer (@) +(Wgk" 7))
Wt @)

+1

<7, (13)

+¢

where (Czl, %<T§1, p= 12,3, ) and( —

w<A<]l, u+v+n>Ai u>—mn,n>0).

Some other authors were studies different classes
of meromorphic multivalent functions with other op-
erators like Aouf [2], Aouf and Shammaky [7], Raina
and Srivastava [17] and Atshan and Kulkarni [10], see
also References [3—6].

In this paper, we study and discuss the new class
A*(A,u,v,m, p,¢,7) of meromorphic multivalent
functions defined by fractional calculus operator in
the punctured unit disc U*. We get several properties
like coefficient inequality, neighborhood system,
partial sum, extreme point and obtain some interesting
results.

2. Coefficient estimates

In our first theorem, we give necessary and suffi-
cient condition for a function f to be in the classA™ (4, u,

V7 TI) p7 C7 T).
Theorem 1. A function f (z) defined by (1) is in the class
A” (3 vy, p,6,7). if and only if

Zn[n +p—1(n+¢) — 1I*""aq, <7 P +¢) -1,

n=p

(14)

where (C >1, 4<7<1, pn = 1,2,3,...) and( —

o<A<l, u+v+n>Ai u>—mn, n>0).
Proof. From (13) we have

2 (W f (2 >)"+z<p+1>< MIIF(2)) +
2(WEE1(2)) +

<rT.

Wot™f (z )‘
+2 (WG (2)) + W f (2)

Assume that (14) holds. It is sufficient to show that
M= 2 (WGt F () +2(p+ 1) (Wt (2)
+ W””" ’ - T’ (Wé;{;“’”‘"f(z))” + z(Wéﬁ’”‘"f(z))l

+ LW ()| <0
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*lp(p+ 1)z

+nn-1) Z g, =2

n=p

(o9
_pzfpfl +n E T:;“"V’"a,,z”fl

n=p

(o)
+n E Fi,u,manznll ‘

n=p

+z(p+1)

+ |z7"

— 712 [p(p+ 1)

+a(n—1)Y T"7a,2 | +z

n=p

7pZ*P*1 + nzlﬂi,ukv,nanznfl + C 7P

n=p

(o]
4n E Fi’“’”‘"anzn_l

n=p

for|z] =r<1, from (13), we get

7P+ Zn[n +p— I]Fﬁ”""’"anz”] -7

|

(0 +0)7" + D nln+ :]rﬁmanz"]

n=p

<r74+ Zn [n +p— lfi‘“""'"]anr” -7 (p2 + C)Z_p
n=p
-7 Zn[n + C]Tﬁ‘“‘y’”anz"
n=p

*)

<D onlntp—r(n+8) — I a0, —7 (9P +7)

By hypothesis

in[n +p—1(n+8) - 1I*"a, <7 (p*+¢) —1.
n=p

Hence f €A™ (A, p,v,m, p,¢,7).
Conversely, let f(z)EA* (A, u,v,n, p,{, 7). Then
(13) holds so we have

2 (W (2 >>"+z<p+1>( Wit (e )) — Wikt (2)
2(WHF(2)) +2(WES"f(2)) +CEWEf (2)

O+ Sl +p 1T,
FOer+ Sl + QT |

Since Re(z) < [¢] for all z, it follows that

P+ nln+p— 1",z
Re F_—— — <T.
(p2 + C)pr + Zn:pn[n + C]I‘nﬂw ﬁnanzn

Now, if z is real we haveWX VN (7)is real.
Letting z— 1~ through real values, we obtain

,p+z

| (77 + ) D e+ :1ri»“=”v"anz"] .

n=p

+p_ 1 I‘)l“"’]anz

From the last inequality, we have
Zn[n +p—1(n+8) - NI*""a, <7 (p*+¢) —1.

n=p

This completes the Proof
Finally, sharpness follows if we take

ﬂ@=;
TP+ -1

nln+p—7(n+¢) — 1"

7', (n,p=1,2,...)

(15)

Corollary 1. If f(z) defined by (1) is in the class
A" (A, 1w, p, ¢, 7), then
T(pPP+ -1

a, <
nn+p—7(n+¢) —

(16)

l]l—vl,u,vxr] )

where (C > 1, %<T§ 1, pn = 1,2737...> and( —
o<A<l, ut+v+n>A u>—mn, n>0).
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3. Neighborhood properties

The earlier works on neighborhoods of analytic
functions by Goodman [11]and Ruscheweyh [19] for
the elements of several famous subclasses of analytic
functions. Altintas and Owa [1] considered for a
certain family of analytic functions with a negative
coefficient. Also, Liu and Srivastava [12] and Atshan
[9] extend for a certain subclass of meromorphically
univalent and multivalent functions. In this paper we
define the (n, €)- neighborhood of a function f € w*(z)
as follows:

N (f) = {qEA*(p) :q(2)

=z7 —|—Zanz” and Zn|an —by| < €30
n=p n=p

§e<1}

For the identity function e(z) = z, we have

(17)

Theorem 2. If gEA™ (A, u,v,n, p,%,7), and
o=1
_ ep2p —7(n+) — 1,
PRp=r(n+0) L —7p (P +0) + 1

(19)

ThenN, (q) CA; (A, u,v,m, p,§,7).
Proof. Let f € N, (g). Then by (16) we get

(o]

Zn|an_bn| S €,

n=p

Which implies the coefficient inequality

oo

€
a,—b,| <—(nEN).
> | p( )

n=p
Since g€A™ (A, u,v,n, p,¢,7), we have from Theorem
(1), that,

- TP+ -1
b, < .
; p2p—7(n+%) — 1]T;"‘“""’

So that

ep2p—1(n+¢) — 1]1‘;““”‘”

f(Z) _ 1} <Z;°:p|an 7bn| <

@ - 1 - Z:o:pb”

Mhele)= {qu*(P) 1q(2)
:Z*P—i—Zanz”and Zn|bn|§e ;0
n=p n=p

§e<l} (18)

Definition 2. A function f EA*(p) is said to be in the
class A" (A, u,v,m, p,%,T), if there exists a function q €
A" (A, m,v,m, p,¢,7) such that

<1-06, (z€U",0<6<1).
q(2) ( )

TPRp T+ L) - YL —1p (P ) + 1

=1-90.

Therefore, by Definition (Z)JEA;(A,,M,V,??, p,¢7),
for 3 given by (19)
Theorem 3. If CIEA*(A; W, v,m, P, C7T), and
T(pP+¢) -1
2p—7r(p+¢)—1] ’

Then A* (Aa u,v,m, p, C7 T) CNn,E(e)-
Proof. Since g€A" (A, u,v,m, p,{,7), we have from
Theorem (1), that,

pRp—1(p+0) — 1INy g, <7 (P +L)—1. (20)

n=p
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On the other hand from (13) and (19), we have

00

p(2p—1)> Ii**a, < [r (p*+¢) —1]

n=p

A,
—|—Tp(p—|—C)fp“ "Z“"
n=p

<[ +9-1]

AV, T(p2+c)_1
Oy ) — )T

Or equivalent to

= A, _ T (p2+C) —1 _
ZF" nani[Zp—T(p—i—C)—l]ie

Hence, by (17) we get g€ N,(e). Thatis A™(A,u,v,n, p,
{,7)CNpe(e)
4. Partial sum

Theorem 4. LetfEA" (A, w,v,n, p,{,T) be given in
(1). Define the partial sums Sy(z) and S,,(z) as

m—1
S1(z)=z"and S,,(z)

n=p

Suppose that

nn+p—1n+¢) — 1]]"2““"’"’7>

id,,a,, <1, (d,, =
n=p

T(p2+¢)—1
(21)
Then,

f(2) 1 .
Re{sm(z)}>1_dm’ (zeU", meN), (22)
and

Sm(z) d, -
Re{f(z)}>l+dm' (zeU", meN) (23)

Proof. We note that from (21) d,.1>d,>1 (nEN),
so{d,}(n€N)is an increasing sequence, therefore

Za,,+d Zan<2d a, <1. (24)

n=m n=p

By setting
f(z) ( 1 ﬂ )
:dm —(1—— =l4+—"F— =l

ql(Z) |:Sm(Z) dm 1+Zm 1
from (24), we find that

( ) ‘ dmzzo man

( ) 2 zzm ! dmz;.,o:man

<1. (z eU )

Therefore, Re{q;(z)} >0, and (22) satisfied.
Similarly, if we let

%@=u+@ﬂﬁg ]
_(+d)y, manz
1+Zm 1 ’

:Z*I’_FZa,,z", (meNN\{1}, zEU*) .

By using (24), we have

qz(z)—l‘< (I+du)> 2 ay
@)+ 724 (1-d,), a,—25""a,
<1, (zeU")

and this show that Re{g»(z)} >0, so (23) is satisfied
Now , we define the functionf;(z)(i = 1,2,), as fol-
lows

1 0
i =—+ nin niZOa €N ) 25
OES ;a,z (@20, n € N) (25)

and use it in the next three theorems.
5. Modified Hadamard product

Theorem 5. Let the function f;(z)(i = 1,2,), defined in
(23) be in the class A*(Au,v,m, p,{,7), then
fi(2) *2(2) EA™ (A, ,v,m, p,C,8), where
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(n+p=Dr(P*+9) - 1]2 +nfn+p—7(n+¢) — 1T

T p =l O = T e+ O+ 0 — 1]

Proof. It is sufficient to find the smallesto, such that

2 nln+p—6(n+¢) — 1T
Z o(p2+0¢)—1

an,lanl S 1 )
n=p

Since €A™ (A, w,v,m, p,¢,7), (i =1,2,), then

i npn+p—r(n+%) — l]Tfl"‘""‘"
T(P*+¢) -1

arLlan,Z S l ) (26)

n=p

By Cauchy-Schwarz inequality, we get

From (27), we have

2 —_
\/Wgn[ (PP +¢) -1

n+p—r(n+g) -1+’

Therefore, it is sufficient to show that
T(P*+¢) -1
nn+p—r(n+¢)— l]l"i““”’"
nn+p—1(n+¢) —16(p*+¢) —1]
n[r(p*+8) = 1][n+p—d(n+¢) —1]

Which implies

(n+p— D +0) — 1> +nfn+p—1(n+¢) — 1274

TP+t p () 1T 4 (04 Q[ (pr+ ) — 1]

T(pzm ~anidz 1.

n=p

(27)

We want only to show that

i nn+p—o6(n+¢) — I

B — an,lanﬁZ
= op*+¢) -1
= n[n+p—1( n—i—C)—l]F”””
SZ T(pz_i_z)_l \/an,lan,Z-

n=,

This equivalent to
nn+p—0oé(n+¢) —1]
5(p2 + C) -1 vV ap1an2
npn+p—1n+¢) —1]
T(p*+¢) -1

Or

\/mgn[n—i-p—f(n—k:)_ 1][5(p2+§)_ 1

n[r(p*+8) —1lln+p—o(n+8—1]°

Theorem 6. Let the function fi(z)(i = 1,2,), defined in
(25) be in the class A*(A,u,v,n, p,{,7), then
fi(2) *h(z) A" (A mv,m, p, ¢, 7).

Proof.Because f(z)is a member in the class A" (4, u,
v,1m, p,¢,7), then by Theorem(1), we have

0

Zn[n +p—1(n+8) = 1TH*"7a, <1 P+¢) 1.

n=p

Since
T — :
n=p
2 nn+p—7( n—l—C)—]]F“’”’
*Z (PP +0) — Ay 1|an 2|
_Z nn+p—7( n+§)—1]1‘“’”’ i < 1.

TP+ -1
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Therefore fi (z) *f(z) €A™ (A, u, v, 1, p, %, 7)
6. Convex linear combination

Theorem 7. The class A" (A, u,v,n, p,¢,7), is closed
under convex linear combination.

Proof. Letf;(z)(i = 1,2, ), be a function defined
in (25) be in the class A*(A, u,v,m, p,¢,7), we want to
show the function h(z)=gfi(z) + (1 —B)f(2),
(0 < B < 1) is also in the class A™(A, u,v,7m, p,§, 7).
Since for0< g < 1.

l’l(Z) :Z_p + i[ﬁanﬁl + (1 - B)an.ﬂzn I

n=p

Then by Theorem (1), we have

(o)

> nlntp—7(n+0) = 1)T*7[Ba, + (1 - B)ayd]

n=p

e

=B nn+p—1(n+8) — 1" "a,,
n=p
T =8 nlntp — r(n+) — T#*g,,
<Blr(P*+0) -1+ =-8)[7 (pP*+¢) —1]
=T (p2 + C) —1.

Therefore by Theorem (1) h(z) €A™ (A, u,v, 1, p,¢,7)

7. Integral operator

Theorem 8. Let the function f given by (1) be in the
class A" (A, u,v,n, p,%, 7). Then the integral operator

FoZ)=(1+ )z f’+ap/f (620, z€U7),

in the class A" (a,c,k,8,0,7,0), if0< 6 <1
Proof. According to (1)

(¢4
=z 7+ E a7,
n=p

Then

[T+ a,s
Fs(Z)=(1+6)27 + bp / (#) ds
0

=(1+6)z"+dp

-1 > qa
—7P+ >y =
n
n=p

> opa,
Sz_p+zp7z”

n=p
IS opay
=z 4+ Zgnz” , whereg,, =
n=p
Now, if we consider that
Z nn+p—r(n+¢) — ]Fﬁ;’“‘”’"gn
n=p

o 6 opa,
Sy e

n=p

n

< Z h+p—7(n+0) — 1]Tﬁ”""’"6pan

n=p

Sin[n—kp—‘r(n—kl)

n=p

A,
— 1Ir*#rng,,

T(PP+¢) -1

since (op<1)

Therefore by Theorem (1), we have Fs(Z)belongs to

A* (a7 C’ k? 5’ a? ,Y? 6)
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