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Abstract Abstract 
Numerical investigation of inclination effect on the thermal performance of a porous fin heat sink is 
presented. The developed thermal model is solved using pseudo-spectral collocation method (PSCM). 
Parametric studies are carried out using PSCM, and the thermal characterization of heat sink with the 
inclined porous fin of rectangular geometry is presented. Results show that heat sink of inclined porous 
fin exhibits higher thermal performance than heat sink of vertical porous fin operating under the same 
thermal conditions with the same geometrical configurations. Performance of inclined or tilted fin 
increases with decrease in length-thickness aspect ratio. However, increase in the internal heat 
generation parameter decreases the fin temperature gradient which invariably decreases the heat transfer 
performance of the fin. Furthermore, the results of the pseudo-spectral collocation method are compared 
with the results of Runge-Kutta method. Excellent agreement is established between the results of the 
non-convectional numerical method and the results of Runge-Kutta, which validates the accuracy of the 
method for analysis of nonlinear heat transfer problems. The results presented in this paper, hopefully, 
serves as motivation for the design and optimization of thermally-enhanced heatsinks. 
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1. Introduction

With the continuous advancement in the electronics
industry, the demand for high-performance consumer
electronics has inadvertently called for their efficient
thermal management. High processing performance is
usually associated with significant heat dissipation. A
direct consequence is often the excess heat build-up
within the circuitry of these consumer electronics
which usually results in malfunction and their eventual
damage. One critical approach to achieve cost-effec-
tive, thermally-efficient consumer electronics is the
effective heat dissipation between the device surface
and its surrounding environment using extended sur-
face or fin. Fin application is identified as a viable
approach to enhance the thermal performance of
different systems following the research breakthrough
of Kiwan et al. [1]. Consequently, research on the
phenomena of heat transfer using porous fin has
become one emerging research area for engineers and
designers. This is because, for equal weight, porous fin
has been established to show better performance than
solid fins when operating under the same thermal
conditions with the same geometrical configurations
[2,3].

Extensive research has been carried on porous fin
for heat transfer enhancement in thermal and consumer
electronics using different approaches including
experimental, analytical, numerical and hybrid; i.e. a
combination of two or more methods [4e8]. These
approaches investigate the thermal behaviour of solid
and porous fins under different operating conditions.
Examples of some related research includes Runge-
Kutta [9e11], Galerkin's method of weighted residual
[12,13], least square method [14], various collocation
methods - Haar wavelet [15,16], - spectral [17], -
Chebyshev [18,19]; Spectral element [20]; and Leg-
endre [21] Adomian decomposition method [22,23],
Differential transform method [24e26], variational
iteration method [27], and Homotopy analysis method
[28], hybrid methods [29e31]. Moreover, different
methods of heat transfer enhancement in thermal and
electronic systems have been established in the litera-
ture with the heat sink as a critical component to
control heat dissipation to an operational level
[32e36].

Nevertheless, to achieve the nonlinear analysis of
the heat transfer problem, it is often a daunting task to
develop the generalized closed-form solution.

Approximate analytical methods are useful in devel-
oping the nonlinear closed-form solution of the heat
transfer problem but not without some constraints. One
key limitation of the approximate analytical methods is
the generation of large expressions with many complex
terms. Consequently, recourse is often made to nu-
merical methods for the nonlinear analysis of the heat
problem. Among the numerical methods, PSCM pre-
sents an efficient approach to obtain solutions to
nonlinearity issue even with the complexities of
boundary conditions. PSCM uses Lagrange interpola-
tion polynomials for the approximations, and Cheby-
shev-Gauss-Lobatto (CGL) points for the orthogonal
collocation or spatial discretization. PSCM is an effi-
cient numerical method that transforms differential and
integral expressions into some algebraic equations
which are easily solved numerically. PSCM is gener-
ally easy to implement and yields very accurate results
and gives satisfactory approximations over most
existing numerical methods. Therefore, the high level
of accuracy achieved using PSCM motivates its ap-
plications in the study of thermal performance of heat
transfer surfaces.

In the present work, we investigate the effect of
inclination on the thermal performance of a porous
fin heat sink. To the best of the author's knowledge,
the study on the effect of inclination on the per-
formance of a single fin; either solid or porous in
heat sinks has not been carried out in the literature.
To this end, PSCM is applied numerically to solve
the effect of inclination and heat generation on the
thermal behaviour of a porous fin heatsink. The
study aims at thermal characterization of heat sink
with inclined porous fins of rectangular geometry.
The physical model of the formulation is presented
in Section 2. In Section 3 the developed nonlinear
heat transfer equation is solved using PSCM, and
the obtained results are discussed in Section 4.
Section 5 summarises the various findings from the
analysis.

2. Problem formulation

Fig. 1 shows a heatsink of vertical fins. The ge-
ometry of the fin is of length L, thickness t and is
exposed on both faces to a convective-radiative envi-
ronment at temperature T∞. To simplify the formula-
tion of fin problem, we made the following
assumptions [26,37]:
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1. Porous media is homogeneous and saturated with
single-phase fluid.

2. The interaction between the saturated fluid and
medium is governed by Darcy's model.

3. Physical properties of the porous fin and the fluid
are constant.

4. The fin thickness is small compared with its width
and length, so that temperature gradients across the

Fig. 1. (a) Porous heat sink. (b) Plain view of a vertical fins heat sink. (c) Plain view of the inclined porous fins heat sink. (d) Porous fin with

geometrical parameter.
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fin thickness and heat transfer from the edges of
the fin may be neglected.

5. Fin tip is adiabatic.

The steady-state one-dimensional thermal model of
a single porous fin heat sink as established from our
previous works is in the form [12,18,37]:

d

dx

�
ð1þjðT � TaÞÞdT

dx

�
� rcpgKbth

keff tv
ðT � TaÞ2

� heff
keff t

ðT � TaÞ þ qðTÞ
keff Acr

¼ 0

ð1Þ

The boundary conditions are

x¼ 0;
dT

dx
¼ 0

x¼ L; T ¼ Tb

ð2Þ

where the internal heat generation is expressed as:

qðTÞ ¼ q0½1þ lðT � T∞Þ� ð3Þ

If we substitute Equation (3) into Equation (1), we
arrive at

d

dx

�
ð1þjðT � TaÞÞdT

dx

�
� rcpgKbth

keff tv
ðT � TaÞ2

� heff
keff t

ðT � TaÞ þ qo
keff Acr

½1þ lðT � T∞Þ� ¼ 0

ð4Þ

The effective coefficient of heat transfer (heff ¼
ðkNuÞ=L) is found from the correlations [42]

alternatively, for all values of ðGrcosbÞPr

Nu¼
(
0:825þ 0:387½ðGrcosbÞPr�0:167n

1þ �
0:492
Pr

�0:5625o0:296

)2

ð6Þ

where the inclination angle is expressed as “b” which is
“0” for the vertical or uninclined fin.

By introducing the dimensionless parameters of
Equation (7) in Equation (4)

X ¼ x

L
;q¼ T � Ta

Tb � Ta

;Sh ¼ rcpgkbthL
2ðTb � TaÞ

tnkeff
;

M2 ¼ heff L
2

keff t
;Q¼ qoL

2t

keff Aeeff ðTb � TaÞ;g¼ lðTb � TaÞ;

z¼ jðTb � TaÞ
ð7Þ

we arrive at

d2q

dX2
þ zq

d2q

dX2
þ z

�
dq

dX

�2

� Shq
2 �M2q

þM2Qð1þ gqÞ ¼ 0

ð8Þ

Therefore, Equation (8) becomes the nonlinear
dimensionless thermal model, and the dimensionless
boundary condition becomes

X ¼ 0;
dq

dX
¼ 0

X ¼ 1; q¼ 1

ð9Þ

3. Application of pseudospectral collocation
method to the heat transfer problem

Equation (8) is a non-linear ordinary differential
equation which is to be solved alongside with boundary
conditions in Eq. (9). In order to solve the nonlinear
equations of Eq. (8), pseudospectral collocation
method is applied. Therefore, rearranging Eq. (8) as:

��
1þ zq*

� d2

dX2
�M2 þM2Qg

	
q*

¼ Sh
�
q*
�2 � z

�
dq*

dX

�2

�M2Q ð10Þ

where q* is the value of the last iteration of the
dimensionless temperature.

The application of pseudospectral collocation
method requires that the spatial discretization of the

Nu¼

8>><
>>:

0:68þ 0:67½ðGrcosbÞPr�0:25(
1þ

�
0:492

Pr

�0:5625
)0:444

ðGrcosbÞPr<104

0:59½ðGrcosbÞPr�0:25 104< ðGrcosbÞPr<109

ð5Þ

21G. Oguntala et al. / Karbala International Journal of Modern Science 5 (2019) 19e26



dimensionless thermal model should be carried out
through the utilization of Chebyshev-Gauss-Lobatto
collocation points.

Ji ¼ cos

�
pði� 1Þ
N � 1

�
; i¼ 1; 2;&;N ð11Þ

The collocation points are mapped out in the
computation domain of [-1, 1]. In order to transform
any arbitrary (X, [0, 1]) interval into standard interval
(J, [-1, 1]), using a transformation using algebraic
mapping X ¼ (Jþ1)/2.

Following the principle of pseudospectral colloca-
tion method, with the aid of Lagrange interpolation
shown in Eq. (12), the unknown dimensionless tem-
perature is approximated to dimensionless temperature
points on the collocation points

XN
i¼1

QðJiÞZiðJÞ; ð12Þ

where Zi is the Lagrange interpolation polynomial given
by

ZiðJÞ ¼
wi

ðJ�JiÞPN
j¼1

wj

ðJ�JjÞ
ð13Þ

and

wi ¼ ð�1Þi�1
dj dj ¼

�
1=2 j¼ 1;N
1 i¼ 2;3; :::;N � 1

substituting Equation (12) in Equation (10) and also
into the boundary conditions in Eq. (9) to obtain the
spectral discretized algebraic equations which are
written in matrix form as:

AQ¼ B; i¼ 1;2; :::;N ð14Þ

and the boundary conditions are

D1jQ¼ 0;
XN
j¼1

qJ ¼ 1 ð15Þ

The element expressions for matrix A and B are

Aij ¼
(�

1þ zQ*
�
D

ð2Þ
ij �M2 þM2Qg i¼ j�

1þ zQ*
�
D

ð2Þ
ij isj

ð16Þ

Bi ¼ Sh

"XN
j¼1

Q*
j

#2

� z

"XN
j¼1

D
ð1Þ
ij Q

*
j

#
�M2Q ð17Þ

It is worth noting that the entries of the coefficient
matrices of the 1st and 2nd order derivative are rep-
resented by D

ð1Þ
ij and D

ð2Þ
ij , respectively.

Using the algorithm outlined below, we implement
the pseudospectral collocation method by:

Step 1 Input the number of collocation points, and
compute the coordinate values of the nodes for
the matrices of the 1st and 2nd order derivative.

Step 2 Set the dimensionless temperature at initial
values in all directions except at the boundaries.

Step 3 Use Eqs. (16) and (17), assemble the matrices
A and B.

Step 4 Imposed the boundary conditions in Eq. (15) in
the algebraic systems of equations and solve
the equation directly.

Step 5 Using the convergence criteria
P

fp

i �
fp�1



 � 10�12, terminate the iteration
procedure,

Else.

Step 6 Return to Step 3.

4. Result and discussion

Table 1 highlights the comparison of the result of
PSCM and an established Runge-Kutta result. From

Table 1

Comparison of temperature results.

x Numerical Method

(Runge-Kutta)

PSCM

(Present Study)

Absolute error

0.00 0.863499231 0.863499242 0.000000011

0.05 0.863828568 0.863828561 0.000000007

0.10 0.864817090 0.864817085 0.000000005

0.15 0.866466182 0.866466173 0.000000009

0.20 0.868776709 0.868776717 0.000000008

0.25 0.871751555 0.871751544 0.000000011

0.30 0.875393859 0.875393871 0.000000012

0.35 0.879707472 0.879707058 0.000000014

0.40 0.884696967 0.884696909 0.000000006

0.45 0.890367650 0.890367657 0.000000007

0.50 0.896725569 0.896725559 0.000000010

0.55 0.903777531 0.903777545 0.000000014

0.60 0.911531120 0.911531105 0.000000015

0.65 0.919994710 0.919994727 0.000000017

0.70 0.929177488 0.929177477 0.000000011

0.75 0.939089476 0.939089458 0.000000018

0.80 0.949741555 0.949741567 0.000000012

0.85 0.961145491 0.961145471 0.000000020

0.90 0.973313964 0.973313954 0.000000010

0.95 0.986260599 0.986260591 0.000000008

1.00 1.000000000 1.000000000 0.000000000
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Table 1, the result of PSCM and Runge-Kutta agree
excellently, which validates its accuracy for nonlinear
heat problem.

Fig. 2 shows the comparison of results of Fourth-
order Runge-Kutta and pseudo-spectral collocation
method. From the figure, it is established that the re-
sults of PSCM and the fourth-order Runge-Kutta agree
excellently. This verifies the accuracy of PSCM in
providing a reliable numerical solution to the nonlinear
problem.

Based on the algorithm given in the preceding
section, the simulated results are presented in Figs.
3e8. Fig. 3 highlights the inclination effect on the
efficiency of the porous fin. It can be seen from
Fig. 3 that the inclined porous fin exhibits improved
thermal performance than the corresponding vertical
heat sink of equal dimension. Moreover, the thermal
performance of the inclined or tilted fin increases

with decrease in the length-thickness aspect ratio of
the fin. Furthermore, Fig. 3 shows that the increasing
angle inclination of the porous fin enhances the heat
transfer performance of the fin. This enhancement in
the inclined fin is likely as a result of increased
velocity and reduced wake flow region behind the
fin.

Fig. 4 shows the effect of porosity on the temper-
ature distribution of the fin whilst Fig. 5a and b illus-
trate the effects temperature-dependent thermal
conductivity parameter on the performance of the in-
clined fin. From Fig. 4, it can be observed that the
temperature of the porous fin decreases and drops
rapidly as the porosity parameter increases. This
overall implication of this effect is that increase in
porosity improves the performance of the fin.

Fig. 6 shows the effect of heat generated internally
on the temperature distribution of porous fin, whilst
Fig. 7 presents the influence of the temperature-
dependent internal heat generation on the temperature
distribution of the fin. From Figs. 6 and 7, it can be
observed that the temperature gradient of the fins de-
creases, as the internal heat generation parameters in-
creases which subsequently decreases the rate of heat
transfer of the fin.

Figs. 8 and 9 highlight the effect of thermo-geo-
metric and porosity variable on the efficiency ratio of
the inclined fin to vertical fin. From these figures, it can
be observed that the efficiency ratio of the inclined fin
to the vertical fin is greater than one for all considered
cases. Moreover, the increased temperature distribution
by convection in the inclined porous fin is due to the
effective shorter length of the fin caused by the tilted
angle, b as depicted in Fig. 8.

Fig. 2. Comparison of results of Fourth-order Runge-Kutta and

pseudo-spectral collocation method.

Fig. 3. Inclination effect on the fin performance.

Fig. 4. Porosity effect on the performance of the inclined fin.
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a b

Fig. 5. Effect of thermal conductivity parameter on the inclined fin performance.

Fig. 6. Effect of heat generation on performance of the inclined fin.

Fig. 7. Effect of temperature-dependent heat generation on the per-

formance of the inclined fin.

Fig. 8. Thermo-geometric variable effect on efficiency ratio of in-

clined to vertical porous fins.

Fig. 9. Porosity variable effect on efficiency ratio of inclined to

vertical porous fins.
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5. Conclusion

In this study, the effect of inclination effect on the
thermal performance of a porous fin heatsink has been
investigated using pseudospectral collocation method.
From the analysis, based on the parameter used for the
numerical investigation, it is established that the in-
clined porous fin in heat sink shows improved thermal
performance than the corresponding vertical heat sink
of the same size. In addition, the performance of the
inclined or tilted fin increases with decrease in the
length-thickness aspect ratio of the fin. Furthermore,
the study reveals that as the internal heat generation
parameter increases the dimensionless temperature
profile of the porous fin increases, which consequently,
increases the rate of heat transfer in the fin. The ob-
tained results using pseudospectral collocation method
highlights the reliability of the method for analysis of
nonlinear heat transfer problems.

Nomenclature

A Fin cross-sectional area
Ab Base area of the fin
As Fin surface area
heff Heat coefficient at fin base
K Permeability
M Thermo-geometric parameter
_m Saturated fluid mass flowage
Nu Nusselt number
P Fin perimeter
t Fin thickness
X dimensionless length
q Internal heat generation

Greek Symbols
b Inclination angle
q Temperature (Dimensionless)
h Fin efficiency
bth Coefficient of thermal expansion
y Kinematic viscosity
r Fluid density
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