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Derivation of Direct Explicit Integrators of RK Type for Solving Class of Seventh-
Order Ordinary Differential Equations

Abstract

The main contribution of this work is the development of direct explicit methods of Runge-Kutta (RK) type
for solving class of seventh-order ordinary differential equations (ODEs) to improve computational
efficiency. For this purpose, we have generalized RK, RKN, RKD, RKT, RKFD and RKM methods for solving
class of first-, second-, third-, fourth-, and fifth-order ODEs. Using Taylor expansion approach, we have
derived the algebraic equations of the order conditions for the proposed RKM integrators up to the tenth-
order. Based on these order conditions, two RKM methods of fifth- and sixth-order with four- and five-
stage are derived. The zero stability of the methods is proven. Stability polynomial of the methods for
linear special seventh-order ODE is given. Numerical results have clearly shown the advantage and the
efficiency of the new methods and agree well with analytical solutions due to the fact the proposed
integrators are zero stable, more efficient and accurate integrators.

Keywords

Runge-Kutta method (RK); Runge-Kutta Nystrom method (RKN); Direct method (RKD); RKM; RKT; RKFD;
Integrators; Class of seventh-order; Stage; Ordinary differential equations; Order conditions; Taylor
expansion.

Creative Commons License

This work is licensed under a Creative Commons Attribution-Noncommercial-No Derivative Works 4.0
License.

Cover Page Footnote
The authors would like to thank university of Kufa for supporting this research project

This research paper is available in Karbala International Journal of Modern Science: https://kijoms.uokerbala.edu.iq/
home/vol5/iss3/8


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://kijoms.uokerbala.edu.iq/home/vol5/iss3/8
https://kijoms.uokerbala.edu.iq/home/vol5/iss3/8

1. Introduction

The mathematical modeling of many real-life prob-
lems in physics, engineering and economics can be
written as higher-order differential equations (DEs) ;
ordinary or partial, DEs are important tools for mathe-
matical models in quantum mechanics and nonlinear
optics. Typical examples can be found in different fields
such as quantum physics, solid state physics and fluid
physics plasma physics [1]. For example, the seventh-
order Korteweg-de Vrie (KdV) is a nonlinear PDE,
another application of seventh-order DE is nonlinear
dispersive equations, which include several models
arising in the study of different physical phenomena. For
the review of the researches in seventh-order DEs [2],
has studied an efficient numerical solution for seventh-
order DEs by using septic B-spline collocation method
while [3] has proposed a new method based on the
Lengendre wavelets expansion together with operational
matrices of fractional integration and derivative to solve
time-fractional seventh-order KdV equation (sKdV)
[4] has used differential transformation method for
solving seventh-order BVPs [5] has solved the seventh
-order ODEs by Haar wavelet approach [6] is performed
Lie symmetry analysis of the seventh-order time frac-
tional SawadaKoteralto (FSKI) equation with Remain-
Liouville derivative [7], is employed the variational
iteration method using Hes polynomials to solve the
seventh-order boundary value problems (BVPs) and [8]
is solved the Laxs seventh-order Korteweg-de Vires
(KdV) equation by pseudospectral method. Moreover
[17], is presented the numerical computations for water-
based nanofluids with A1203 and Cu nanopar-ticles and
[9] has introduced the numerical solution of a thermal
instability problem in a rotating nanofluid layer [10,11]
have derived direct explicit integrators for solving third-
order ODEs. Furthermore [12,13], have introduced direct
explicit integrators for solving fourth- and fifth- order
ODEs respectively. However, to improve the computa-
tional efficiency of the numerical methods for solving
class of seventh-order ODEs, the indirect numerical
methods improved to be direct methods. Using Taylor
expansion approach, we have derived the algebraic
equations of the order conditions for the proposed RKM
integrators up to the tenth-order. Based on these order
conditions, two RKM methods of fifth- and sixth-order
with four-and five-stage are derived. The novelty of this
work is the generalization RK, RKN, RKD, RKT, RKFD
and RKM methods for solving class of first-, second-,
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third-, fourth-, and fifth-order ODEs. Numerical imple-
mentations using Maple and MATLAB show that the
numerical solutions of two proposed integrators agree
well with analytical solutions due to the fact the pro-
posed integrators are efficient and accurate and have less
computational time comparing with indirect methods.

2. Preliminary

Here, we give the definition for a class of general
quasi linear seventh-order ODE as the follows:

2.1. Class of seventh-order ordinary differential
equations

In this study, we concerned with class of seventh-
order ODEs with no appearance for the derivatives up
to sixth order. It can be written in the following form:

70 =ft, 7 1)t =10 (1)

Subject to initial condition: 7 (ty) = a;;i = 0,1, ...,
6.
where

f:RxR" - R" and 7 (1)
= [6 1(t)7 :Z/Q(I)v ceey ?N(t)]

Knowing that, f is vector of independent variables
of N components of the system of ODE (1). To convert
the function f (¢, y(¢)) which depends on two variables,
to a function which depends only on one variable
7 (t), using high dimension we can work in N+1
dimension using the assumption %/, (¢) t, then
Equation (1) can be simplified to Equation (2):

v (6)=h(v(r)) 2)

Using the following consideration:

9, f(vavv"'7v+)
f;/lgg fZl(vll7 V227 Y V[;/V+ll)
.2. L, va, o vv)
v(t)= h(v(t) =
?N(t) fN(v17v27 '“7VN+1)
t, 0
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Subject to the initial condition 7'(ty) = a,; =
0,1, .., 6where a,=|[a, a, as, ..., Gy , 1o
Some of engineers and scientists used to solve Equa-
tions (1) or (2) by multistep method (Lmm). Mostly,
they used to solve ODEs of higher-order by converting
them to equivalent system of first-order ODEs and they
solved using a classical RK method [14]. However, it
would be more efficient if seventh-order ODE can be
solved using proposed direct RKM method. In this
paper, we are concerned with direct explicit RKM in-
tegrators for solving class of seventh-order ODEs.
Using Taylor series expansion approach, we have ob-
tained the order conditions of the proposed methods.
Consequently, we have derived two RKM integrators
based on these algebraic order conditions.

3. Proposed RKM method

The formula of proposed explicit RKM integrator
with s-stage for solving seventh-order ODE (1) written
as following:

%nJFl ? +h% + //l+ j//l//+24/l//l

(3)
?/////_’_ ?//////+h7 biki7
120 720 Z
97! g/ g h2 gy h30 " h4 g nm
/n+1:}/n+h%n+?%n +Eryﬂ +ﬂ%n
(4)

+h_5?”””+h6zjﬂ:b,k
1207 " il

y ?// +h ?/// + y//// + y/////
n+l
7 (5)
+ o %NW + hs Z b;,kh

i=1
" " " h2 " h3 271
7n+1 ? +h? +E?n +g://n

+ K Z bk,
i=1
S

V= S R Y ()

i=1

;4
%,’,’Il y///// + h y!///// + h2 Z b;//// ki7 (8)
i=1

?:l/;/j]/: y::l/// + h ib;””’ki, (9)
i=1

kl :f(tn ) :2/ )7 (10)

and

_f<t +cih, ¥ A he; 7/, + YN+ fy’n”

" " Zyd 7
24 i / +120 1% +mcl y +h Zall >
(11)

The parameters of RKM integrator are
aij, i b; b;», b;/, b;//, b;/”, bﬁ””and b;///// for
i, j=1,2, ...,.% are real and h is the step-size. RKM
is an explicit integrator if a; =0 for i=; j and
otherwise RKM is implicit integrator. The coefficients
of RKM method have been expressed in Butcher table
as in Table 1:

The order conditions of RKM integrators for solv-
ing fourth- and fifth-order ODEs have been derived by
Refs. [12,13] respectively. In this study, using the same
technique, we have derived the algebraic equations of
order conditions of RKM methods for solving class of
seventh-order ODEs.

3.1. The order conditions derivation of RKM methods

The order conditions of RKM integrators can be
obtained from the direct expansion of the local trun-
cation error. RKM formulae in (3—9) can be expressed
as follows:
7 = 7+ (1, 7,):i=0.1,....6 where the
increment functions are defined the following:

Table 1

Butcher table of RKM method.

C A
hT
b’
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Where, k; is defined as follow:
ki=f(tu, &) (12)

ki=f | tatcihy,+h e g I
CiltyYn c’yn zclyn 6Czyn 24Clyn

i—1

hs 5 h6 6 7
" " h lk
0 Tt Z“/ 2

(13)

Fori=23,...;s

If A Taylor series increment function and the
local truncation represents errors of the derivatives
of the solution of order zero up to order seven
can be obtained by substituting the analytical
solution 7 (t) of ODE (1) in to the RKM
increment function . This gives

m(tm ?n) - A(i)(t”’ ?”))

Fori=1, 2,3, ....,6. These expressions have given
in elementary differentials terms also Taylor series
increment can be expressed as follow :

yiljrl = h(w

(0): ZZ//"FE?N+h—2?m+h—3?,lﬁ+h—4:¢//m
’ 24 120~

o/ 6
720/ +0(h°),

h*
77" 9/ 9/ i 9,
=7 / Jr / +24/ +120/
O(hS),

(2 _ ?///+ﬁf/////+h72:/—//////+E?//////0(h4)’
2 6 24
3) _ gym h(} 1 h* g 3
=7 +§/ +gZ/ +O0(K),
y””/‘i‘ (/y//////_’_ O(h’;)
(5 — ://////// + O(I’l ),

AP =0(1),

Hence, for the scalar case function, the few first
differentials of the function f are given as follow:

F'=f,
FY=fi+f, 9,
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O=fut Vv +3 IV hyy 37 ¥y
+37 iy 3 fay + 7" fy

F'Y :fmr‘*‘4?,]3:&/"‘6(?/)2]?%7‘1‘67/”](:1,7
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The increment functions w ;i = 0,1, ..... , 6 for
the RKM integrators can be written using the above
terms:
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The expression for local truncation errors in the
solution, the derivatives up to the seventh-order
Y\ r=0,1,...,6 are

%
1 1
T =S bk, — (—F" 4 —F®
i [Z (5040 30320 !

=1

[ 1 (10)
} F F ...... 21
362880 | 3628800 ! ’ (21)
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S
1 1 1 1

9—/ — ]’l8 b/k _ _F(7) F(S) F(9) F(w) ...... 22

(r+1) [Z« (720 5040 20320 ¢ 362880 ' T ’ 22
T wery =H° ib”k L p O F 4 ! FUlO 4o (23)
B 07 720" Ts0a0" taoza0" ’

/// _hl() mek _ —F 1 F<)+L + 1 <]0>+ ...... (24)

7 () 120 720 5040" ’

1 1 1

//// _ b////k N _F(8 - _F< 0, ...... 25

7 i) {Z ( L a0 i +720 L ’ (@)
g _p12 Zb/////k 1 (3)+LF(9)+LF<10)+ ,,,,,, (26)

(n+1) el gt gt ’
o113 - 11111 @ Lo Loe 1 L zoy
T, =h ;b k= (FV +5F) + ) +24F erF1 ------ , (27)

Taylor's series expansion using Maple software. Hence
the following order conditions are given:

§ 1
Vi 2b= 5040 2= a0 2

To determine the order conditions of the numerical 1 1
. . . - - b..2 = 28
integrators 1ndlc?1ted by Equa'nons 3—11, RKM 131440’ E = C04800’ (28)
method formula is expanded using the approach of

3.2. Order conditions
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7 be 720’ Zb ~ 5040’ Zb"‘z'_zolﬁo
- Z 0430 Z 151200
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4D YN S % Sop
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1
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210 Z b”wcf 1
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D Y SRS S
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1
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1 , 1 L 1 S
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1
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Table 2
The Butcher Tableau for the RKM Method of Four Stages and Fifth Order.
0 0 0 0 0
1 —37 1
5 1 ‘F =520 V15 o1 0 0
1
- =1 — _
% 110 5 1209 1 1109 1 01 i
3t 1o V15 100~ 75 V15 00+ 50 V15 o 0
1 11 71 11 71
0 15 — 15
103680 103680 + 2592000 Vs 103680 2592000 vis
1 11 71 11 71
0 — — 15 — 15
8640 17280 + 432000 VIS 17280 + 432000 Vs
1 31 1 31 1
— —+ ——/1 —+ ——/1
0 864 8640 + 1080 vis 8640 + 1080 vis
1 7 1
_ 4 1 I
0 108 432 + 240 vis 432 240 \/_
1 1 1
0 — ———V15
18 18 + 72 f 18 72 Vis
2 3 1 3 1
0 zZ il =
9 36 3 36 VIS 36 36 vis
4 5 5
0 9 i I
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) Z b:.,””cf :%7 Z bf{////cz
_1 Zb////// 6 __ i i
DA T}

/=2, j=1

l 54 Wi
~ 362880’ > Db

i=2,j=1 j<s

54 1
) b/»W” i 2 _
2 2" =500

i=2, j=1 j<i

3.3. Derivation of RKM methods

2
.
‘

1 mnr 8
DB
§ : mm

b/ a,-j

j<s

50400’

Table 4
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Number of stages versus order for RK, RKN, RKD and the recently

proposed RKM methods.

NO. of Stages Order 3 4 5 6
NO. of Stages of RK method 3 4 6 7
NO. of Stages of RKN method 2 3 4 5
NO. of Stages of RKD method 2 3 3 4
NO. of Stages of RKM method 2 3 4 4
6 5 4
" 7jCe bi— (1 - Ci) p p— (1 B Ci) p (1 - Ci) B
i 6 i Vi g R i
3 2
" — (1 B ”«‘) P — (1 - ’”'/) B
S T TR
b:.”” _ ( 1— 6{_) b:.”w 7
For, =1, ....... , 7,
(34) The parameters of RKM method ¢, , a,; , b, ,b., b,

b b b and b for s,j = 1,2, .....,.7. for Four-
stage fifth-order and five-stage sixth-order RKM in-
tegrators have been evaluated and the Butcher tableaus
of these integrators are shown in Tables 2 and 3

respectively (see Table 4).

To derive proposed RKM methods using the alge-

braic conditions (28—34) with the following
assumption:
Table 3
The Butcher Tableau for the RKM Method of Five Stages and Sixth Order.
0 0 0 0 0
1
1 —
2 0 0 0
N1 _ 0 0 0 0
% 114 l2 1 1
PARTACE > 5 > 0 0
1 1 —1 1 —-7167 0
2 2 2 2 14336
1 19 29 19 29 181
14400 0 259200 + 1814400 val 259200 1814400 138240
1 19 29 19 29 1
2400 0 43200 + 302400 vai 43200 302400 Vis 76800
1 23 29 23 29 1
— i N OY = =7 _
480 0 8640+ 1728 val 8640 1728 1080
1 7 1 7 1 1
120 0 sa0" 360 Y2! si0 360”2 3
1 7 7 7 7 2
% 0 w7V 7Y i
1 49 7 49 7 8
0 0 360 360 V2! 30 360V I
1 1 49 49 16
20 20 180 180 45
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4. Stability of the method Thus the characteristic polynomial is

=(—1) 37
4.1. Zero stability of the method &) =E-1), (37)
Hence, the method is =zero-stable since the

Definition 4.1 The method is said to be zero stable roots are £ = 1, 1, 1, 1, 1, 1, 1 are less or equal to

if it satisfied —1 <& <1 [15].

one.
Zero-stability is an important tool for proving the
stability and convergence of linear multistep methods.
We can rewrite equations (3)—(9) as follows:
11 11 1 1 1
2 6 24 120 720
01 1 11 1 1
100 0000O0 tni1 2 6 24 120 wn
01 00O0O00O0 h”/:H—l 1 1 1 l’l/ﬂ;
0010000 Zi,ﬂgﬂ 0015 = 5 W s
0001000 mZ’H = 1 1 I al) 35
000O01O00O0 h4m””] oo0o011 = - W "
O 0 0 0 0 1 0 h5 7/?/’/ 2 6 hS /)/ll//
”/n+l «w,
0000001 RO 00000 1 % hew!™"
00000 1 1
00000 O 1
-1 -1 -1 —1 —1
-1 -1 -—= = = - _—=
¢ 2 6 24 120 720
-1 -1 -1 —1
0 -1 -1 — _— —
¢ 2 6 24 120
— -1 —1
0 0 -1 -1 — —
d 6 24

p(2) = det|1% — A| = AP (36)
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4.2. Absolute stability of the method

Definition 4.2 The method is said to be absolutely
stable for a given roots if all the roots lies within the
unit circle [15,16] has studied the absolute stability for
RKD method and compared the stability regions for
RKD and RKT methods, In the same way we have
studied the absolute stability for the RKM method and
we apply this to the test problem:

111 1 1

11z - — —
2 6 24 120 720
11 1 1
01 1= > — —
2 6 24 120 b
11 1 b,
0011~ - —
2 6 24 by
Jor1= 1 1 S +x'h’ bllﬂ
00011 =~ - B
2 6 l]/I//
1 by
00000 1 = b
2
00000 1 1
00000 O 1
1 0 0 0 0 0 0
2 3 4 5 6
1 (:2 (/‘72 (/‘72 (‘2 6‘2 6‘2
2 6 24 120 720
Wl 2 3 4 5 6
W, 1 . 3 073 3 s o3
ws | ) 6 24 120 720
Wil S
W 1 ) ”,2771 ”,3"/4 ”,4'/71 ”é/—l 46/4
s vl T 76 24 120 720
2 3 4 5 6
| ., 2 2 2t fr
( 2 6 24 120 720

(38)

Now, consider formulas Equations (3)—(9), which
can be written for the test problem as follows:

We can rewrite equations (3)—(9) in the following
matrix notation after multiplying them by 4, h?, h*, h*,
I’ and h® respectively and using Equation (38):

by by .. by W,
b, b b, W.
2 3 Tt S 2
b b b W
> 30 - Dy 3
in in "
b b b W, |,
i i LI .
by,” b 3 by :
pm i b///// .
/%//// /3///// };//;// .
b ! b W

and the Equation (27) as,

f n+H

azy
asg

ayy

0
asp 0
Ay dg3 0

gy Ay3 Agy

W,
W,
W3
W,

ws
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Hence,
fn+l :R(H) ns

1 1 1
LDV 14b'M S4bTL 6K 4 b'E Loy

6 24 120
1 1 1
b/TV 1 b/TM 1 b/TL _ b/TK - b/TE _ 1T
+ +7L S+ =+ ity
1 1
nT T nr nr _ nr _ nr
RE)=| YTV UM L4BTL 14BTK S+ VTE by

b/l/TV b/l/TM b///TL 1 +b///TK 1 +bl//TE l+b///TY
2

b////T V b/l//TM b/l//TL bl//lTK 1 + b///ITE 1 + b////T Y
b/////TV b/////TM bl////TL b/////TK bl////TE 1 + b////lTY

Where, H = x’h’ = (xh)’, HN 'e =V, HN"', =
M,HN"'d =L, HN"'p =K, HN"'r =E"'qg = Y.

€ = (171a171a1317--'71)T7 C:(07C17C27C37C47"';C:/) ad: <Oa

p= 0ééﬂ irr: 0c_§c_§c_j iTq: ()C_gc_2 o
6’6’67 6 ’ 2472424’ 724 ) "120°120" 7712

5

)

197

With,
N~'=I—HA,

0 0 by b, b
asy 0 0 bvl b2 b3
az;  az 0 0 b 1 bz b3

A= ayy ayn ay3 0 0 7B = b'i b; b;

: : : 0 b, b, b,

S 0 b, b, by
a1 Ayy Ay Ays - Ayy—y 0 b, b, b

NN\

BN

ISR RS RN IS N

N

Q




198 M.S. Mechee, J.K. Mshachal / Karbala International Journal of Modern Science 5 (2019) 182—200

And,
1 0 o0
2
C
1 (&) 52
2
W] twy 1 Cc3 C—3
W, ha, 2
W; hzz{/::
NCF,= | w, |, =] # |, c=
h4/1xw
) hS/ﬁ/’/’///
Ws h6wlr/l////
2
co,
1 C3 7/

The stability function associated with this method is
given by,

O(&, H) = ¢ —RH]|,
Where R(H) a rational function of H, and defined in

Equation (28) is a stability matrix and its characteristic
equation can be written as:

O, H) = Ao (H)E" + 21 (H)& + 1 (H)E + A3(H)*
+ A4(H)E + 2s(H)E + a6 (HE.

5. Implementations

In this section, we imply the proposed methods for
solving four problems and their numerical results
introduced in Fig. 2.

Example 5.1 (Linear ODE)
7D (t)=sin(z, ) 0<r<1

subject to ICs: 77 (0) = (=1) for » = 0,2,4,6 and
790) =0for;=1,3,5

The exact solution is 77" = cos(r).

0O 0 O
Ci ) )
6 24 120

Example 5.2 (Non Constant Coefficients ODE)

YD (1) = (1284 + 1344 + 33607 + 16801) 7/ (1);
0<t<1.

subject to ICs: 7(0) =0;+ =1,3,5, 7(0) =1,
7"(0) =2, 79(0) = 12, 7(0) = 120.

The exact solution is %/(1) = e

Example 5.3 (Non Linear ODE)
Y ()= —5040 7%(1), 0<r<l1.

subject to ICs: 7(0) = — 7'(0) = 1,3 %" (0) =
7"(0) = 6,5790) = - 7
7©(0) = 720.
The exact solution is 7/() = 1~
Example 5.4 (Linear ODE with Relatively Long
Interval)

7" (1)=0.0000001¢ ", 0 <r<1.
subject to ICs: %(0) =1, Z“)(0) = (=0,1)";/ =

1,2,.....6.
The exact solution is 7/(f) = e ™
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Fig. 1. (a) Minimum stage number versus method order for RK, RKN, and the recently proposed RKM method. (b) Number of function calls for

RK and RKM methods with orders 4,5,6.

i 115
== Exact Soluton

075

& Exact Sol

0.7

065

0.6

Numerical

0 01 02 03 04 05 06 07 08 09 1

(@)

i 115
— A
o Eact Sokibon

095

09

O 085

Solutions

08

& Exact
o
~
@

05 L L L L L L L L I
o 01 02 03 04 05 06 OF 08 09 1

(c)

e et
== Exact Soktion

o 01 02 03 04 05 06 07 08 08 1

(d)

Fig. 2. Comparison of numerical solutions with exact solution for examples (a)l, (b)2, (c)3, (d)4.

6. Discussion and conclusion

In this study, we have derived the algebraic equa-
tions of order conditions for direct integrators of RKM
for class of seventh-order ODES. The approach of the
derivation of the new method is based on Taylor

expansion. The objective of this work is to establish
direct explicit integrators of RK type for solving two
classes of fifth-order ODEs. For this purpose, we have
generalized the integrators RK, RKN, RKD, RKT and
RKFD which are used for solving class of first-, sec-
ond-, third-, fourth- and fifth-order ODES. We have
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derived four-stage, fifth-order and five-stage, sixth-
order RKM methods. Numerical results using the
proposed methods have been compared with analytical
solutions in Fig. 2 which shows that the numerical
results of the four test problems are more efficient and
accurate as well-known existing methods. The new
integrates are more efficient in implementation as
they require less function evaluations. As such,
these methods are more cost effective, in terms of
computation time, than existing methods (see Figures
1,2 and Tables 3.4).
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