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Approximating fixed points in modular spaces

Abstract

A generic two theorems for the two step iterative sequence of multivalued mappings are proved in a
complete convex real modular space, and then cite some corollaries that are special cases of these
theorems.
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1. Introduction and preliminaries

Modular spaces are extensions of Lebesgue, Riesz,
and Orlicz spaces of integrable functions. A general
theory of modular linear spaces was founded by
Nakano in Ref. [1], where he developed a spectral
theory in semi ordered linear spaces (vector lattices)
and established the integral representation for pro-
jections acting in his modular space; Nakano's modu-
lars on real linear spaces are convex functionals.
Nonconvex modulars and the corresponding modular
linear spaces were constructed by Musielak and Orlicz
[2]. Orlicz spaces and modular linear spaces have
already become classical tools in modern nonlinear
functional analysis. Recent work indicates that
modular metric space fixed point results are well
adapted to certain types of differential equations [3].
Finally, we refer to Ref. [4] for a detailed study of
nonlinear superposition operators on modular metric
spaces of functions [5—8]. In the formulation given by
Khamsi [9]:

Definition 1.1

Let u be a linear space over F(= R or C). A func-
tion v : p— [0, o0] is called modular if

(i) v (v) = 0 if and only if v=0,

(i) y(av) = a(v) for F with |a| = 1, for all, vE pu

(iii) y(av+ Bu) < y(v)+y(u) Iffa, 8 > 0,0+ 6= 1
for all u, veM .

If (iii) replaced by

(i) "y(av+ Bu) < ay(v)+Bvy(u), fora, > 0, a+
=1, for all u, v €M, then < is called convex
modular.

Definition 1.2 [1]

A modular +y defines a corresponding modular
space, w,, given by

u, = {vE€ u:y(av)— 0 whenever «— 0}

Many works can be found in Ref. [10—12].

Definition 1.3 [13]

The v-ball, B,(u) centered at u € u,, with radius r>
0 asB,(u) = {v Euy;v(u—v)<r}

The class of all vy-balls in a modular space u.,
generates a topology which makes w, Hausdorff to-
pological linear space. Every vy-ball is a convex set,
therefore every modular space is locally convex
Hausdorff topological vector space [6].

https://doi.org/10.33640/2405-609X.1353

Definition 1.4 [6] Let M, be a modular space.

(a) A sequence {v,} CM, is said to be y-convergent
tov € M, and write v,—vif y(v, —v)—0 as
n— oo.

(b) A sequence {v,} is called y Cauchy whenever
Y(Vy — V) =0 as n,m— oo.

(c) M., is called v complete if any v Cauchy sequence
in M, is vy convergent.

(d) A subset BCM, is called v closed if for any
sequence {v,} CB is vy convergent to a point in B

(e) A v closed subset BC M, is called vy compact if
any sequence {v,}CB has a vy convergent
subsequence.

(f) A subset BCM,is said to be vy bounded if
daim.,(B) < o0, where daimy(B)=sup
{y(v—u);vyueB} is called the v diameter of B.

(2) The distance between v € M, and BC M, is y(v—
B) = inf{y(v— u);u € B}.

Definition 1.5 [14]

Let My be a modular space, and A, B are two non —
empty subsets of w.. Let H,(A, B) denotes the Haus-
dorff distance of A and B that is defined as the
following:  H,(A, B)=  max {sup,ay(a—B),
suppp ¥ (b —A)}.

Lemma 1.6 [15]

Let T:A — 24 be a modular space, A,B, se-
quences in CB(,uy) Then we can choose a,, in A, , b,in
B,, such that

v(ay—b,)= H,(A,,B,)+ €,lim ¢,= 0 (1)

Let A be a non-empty subset of u,, Abed and
Abduljabbar [15,16] introduced the following iterative
sequence of two-step type for multivalued mapping T :

A—-2" uy€A and {u,}CA is defined by
Un+1 E(l - an)un + anTvn

vn € (1= 6,)u, + B,Tu,, Vo > 0 2)
or

Upp1 = (l_an)un +an:u'na/“'n = Tvna n = 0 (3)

Vn = ( 1 - 6,,)”71 +ﬁngn75ne Tun n Z 0

The following iterative sequence of multivalued
mappings S, T : A—24 uy €A is defined by
Upi1 € (l_an)un + anSVn
Vne(] - 6n>un +6nTu,1,Vn Z 0

4)

or
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Upp1 = (1 - an)un +anCn7 CHESV,,, Von 2 0

Vn = e(l_lgn) un+ﬁn§na (5)
¢, €Tu,

In this article, It is assumed that the iterative se-
quences (1.3) and (1.5) converge. Moreover, it converges
to a fixed point of 7. Also, some results that are special
cases of these theorems are presented. Here, u., is a
complete convex real modular space (shortly, CCRMS).

2. A fixed point theorem for multivalued mappings

We begin with the following

Theorem (2.1)

Let w, be a CCRMS, O+ACM, A be convex
T:A—CB(A) , and {u,} as in (3) satisfying
nangO inf «, >0 > {u, } converges to p. Suppose that 3

a,B,u,0>0, <1 > for all n sufficiently large
Hy(Tuy, Tvy) < oy (uy— p,) + By (2= &) (6)
H(T,,Tu,) < ory(u,—p) + pudy(u,, Tu,) + 6dy(p, Tu,)
+ Bmax{d, (p,T,),d, (u,,TP) }
(7)
where «,+ (8, = lfor all n. Then p is a fixed point of T'

Proof:
Use condition (3) uyt1 = (1—a,)u, + anpt,, 1, €

Tvy,, n>0g<1. Sincey(&,— w,) <H,(Tu,,
Tv,)+ €
Also, then lim u, =0 Which means
n— oo

that lim u, =p
B}'/1 conditions (1) and (6) we have:

¥ty —p) +y(a — &) +ay(u, —p) +v(u, — &)+
6’\/(17 - 5:1) +ﬁmax{d7 (Pv Tp) a'Y(un —p )7 d“/ (17, Tp)}

S 0(’)/(14" - My, ) + IB’Y(MH - gn) + €

Which implies that nlLrIgo €, = p. Using (7) to have
d, (p,Tp) < v (un —P) +d, (uﬂaTun>
+H, (Tp, Tun) <7y (up —p) + v (s — £,)
+ay(u, — p) + pd,(u,, Tu,) + o6d,(p, Tu,)
+B max{d, (p,Tp),d,(u.,Tp)} <7 (4, —p)
+y(uy —&,) + oy, —p) + (U, — &,)
+ov(p—E,)+
B max{d, (p,Tp), v(u, — p),dy (p,Tp)}
Taking the limit as n— oo yields. dy (p, Tp) <
Bd, (p, T p) Which implies that p €Tp. p € Tp
Corollary (2.2)

Let M, be a CCRMS , 3+AC M, , A be convex
T : A —CB(A) satisfying
H,(Tu,Tv) < gmax{kvy (u—v),d, (v,Tv),d,(u,Tv)
+d, (v, Tu)
(8)

where g<<1.
aliminfa,, > Oand lim B, =0,

n—oo

converges to p , then p is a fixed point of T .

Proof:

It is sufficient to show that T satisfies conditions (6)
and (7). From the condition (8), we get

H, (Tu,,Tv, ) < gmax{ky(u,— v, ),d,(uy, Tu,)
+d,(Va, TV, )y dy (U, Tvy) + dy (v, Tuy) } 9)

From condition (3),

Vp = (l_ ﬁn)un + 6ngm

We have
’Y(un — Vn ) - ﬂny(un - gn)
dy(VmTun) S ’Y(vn _gn) = ’Y((l _ﬁn)un +5ngn _En)
= ’Y((l - 6n)un - (1 _611) gn)
= (1 _6n)’Y(un _En)7
dy (Vs TVa) <Y (Vi ly)s y €TV
S /Y(un - vn) + ’Y(un - :un) S 5117(”% - gn) + 7(”n - :"Ln)
d’Y(“'M Tuﬂ) S ’Y(l/ln - gn)vgn ETl'tn

£,€Tu, foralln

And dy(u,, Tv,) < v (u,—
into (9) gives

H, (Tuy, Tv,) < g max{kB,y(u,— &,),v(u,—&,)
+ By (U= 8,) + v (= ), v (10— )
+ (1=8,)y(u,—~&,)}
< qy(u,—p,) + max{kq B,,q (1+ B,)}v(u.—&,)

W,). Substituting

R Since 8, — 0 as n — . So, there exists ny large
enough to make max{k¢q@,,q(1+ 6,)} <1 And
(6) is satisfied. Again from (8), we obtain

H,(Tu,, Tp) <qmax{ ky(u,— p), dy(u,, Tu,)~+
dy(p, Tp) , dy(un, Tp)+ dy(p, Tun)} <qky (uy—
p)+ qdy(un, Tuy)+ q(p, Tuy)+ qmax{d,(p, Tp),

dy (tn, Tp)}. It is clear that
ifae=gqk, n=0=p08=gq <1 then (8) is satisfied.

Corollary (2.3)

LetM, be a CCRMS, 3+AC M, A beconvexT :
A — CB(A) satisfying
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d T d,(v,Tv) d T d, (v, Ti
H,Y(TM,TV) Smax{y(u—v), V(Ma u); Y(Va V), 7(“7 V); ’Y(v7 I/t)} (10)
For all, u, v in A if there exists uy €A such that {u,} so, a=l,u=0=0= % and condition (2.2) is
in condition (3) satisfying 0<¢«,, B, 1, satisfied.
lim infe, >0, limsup B, <1 and condition (1) Corollary(2.4):

c"()Tl%oerges top, then p is a fixed point of T.
Proof: From (10), we obtain

dy(tn, Tuy) +dy (v, Tv,) dy(uy, Tvy) +dy (vi, Tuty,)

Let M, be a CCRMS, @+AC M, , A be; convex,
T :A —CB(A) satisfying

Hy(TumTvn) Smax{y(un_vrl)v 2 )

But from the condition (3), we have

(un - Vn) = IBH,Y(MY’ - gn)v

(Vm Tun) < (1 - ﬁn)’Y(un - En)a

dv(Vm Tvn) S 5n7(un - En) + ’Y (un - :un)

dy(unv Tun) S ,Y(un - gn) and dy(unv Tvn) S /Y(un - :un)

Substituting into (11) yields:

)

(11)

du,vinA where 0 <g <1 . If there exists uy in A
> {u, }satisfying condition (3) and (1) for o, + 8, =
1 lim infe,, >0 and lim 8,, = 0, converges to p , then p

n— 00
is a fixed point of T.
Proof: From (12), we obtain

H (T 1) < max{ 6,10 5. "

1 1
S max{ﬁn, zﬁn }’Y(un_gn) + 5 ,Y(un_/“l’n)

’Y(un - gn) + 6n ’Y(un - gn) + ’Y(un - /‘Ln) ’Y(l/ln B :un) + (1 _ ﬁn ) 'Y(un B En)}
’ 2

)

H, (Tu, Tv) < qmax{v(u—vx Lt

Since limsup 8, <1 then we can choose ng large
n—oo

”f" } < 1 and condition

enough to make max{ B,
(6) is satisfied. From (/0)
Hy(Tum TP) S max{y(un _P)7
dY(unv Tun) + d7 (Pa T[))

2 )
dy (un,p) +dy(p, Tu,)
2
d,(u,, Tu, d,(p,Tu,
< 1)+ DlTe) | o T

1
+§max{d7(p, Tp)vdy(ump)}

dy (v, 1) 1+ dy 1, Tw)] dy(u, T9) [+, (1, Tu) + d v, Tu)]} 1)

2[1+v(u—v)]

Form condition (3),
Vo= ty = (1=B,)tt + Bu€n — Bubty — (1= 6,1,
So,
Y (Va— ) < (1= 8,) v (n— ) + By v (En— tty)
< (1=B)v(un— ) + Buly(ua—n,)
+ v (un—%,)]
= v (tn— ) + B, v (a—8,)

Also, from condition (3), v (ty41— up) = o y(ty—
)
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d VHTV! 1 d naTn d naTn 1 d YHT}’! d VHTVI
70 ), Tl T, i Tl i) - T

1+’Y(”n _Vn) ’ 2[1+/Y(un_vn)}

S qmax{y(un—vn),Y(M" - ,LL,,)[] + 'Y(un - gn)] ’Y(”tn - :U’n)[l + Y(ull - gn) + 'Y(Vn - gn)]}

1 +’Y(un _gn) ’ 2[1 +,Y(un _En)}
Since u, is convergent lim vy (u,1— u,) = Oand And (6) is satisfied, since hm ,8 =0 Again from
from liminfe, >0 Yields ~lim Y(uy — p,) =0 . (12), we get

Therefore, for all n sufficiently large,
¥ (=) + By (n—&,) < 146, v(u—&,).

Thus, for all n sufficiently large and from in-
equalities in the proof of corollary (6), we have

’Y(Vn B :u'n)[l + ’Y(un - En)]
1 + ﬁn ’Y(un - gn)

7(vn - :u’n)’Y(un - gn)
1 + 6n7(un - gn)

g ’Y(M,,—,LLH) + i8n 'Y(un_gn) + ’Y(un_gn) = (1_611)7(un_5n) + 'Y(un_,u'n)

< y(va—m,) + <v(n— ) + v(u—E&,)

Since

£ = (1= B+ 6,6, — 6,5~ (1-B,)E, (T 7)< gax{ (1~ ).
So, dy(p, Tp)[1 + 7 (un — &)
Y(va—§&,) = (1-6,) v (. —&,) Lty —p)
Since dY(uanp)[1+'Y(un*gn)+7(p75n)] <q7(u _p)
'Y(un - /~Ln)[1 + Y(”n - gn) + 'Y(Vn - gn)] 2[1 + /Y(un _p)] }
201+ B,y (un — £4)] 4 gmax {1 +y(u, — £,)
:/Y(un_:un)[l +(2_Bn) ’Y(un_gn) 1—|—7(u,,—p)’
RO L2t 10 )
S E[Y(un_:un) + (2_ IBH),Y(MVL_ gn)] 2[1 + ’Y(un _p)]

max {d,(p,Tp),d,(u,, T,
Then for all n sufficiently large, we get: {d:(p.Tp), dy (1w, Tp)}

Hy(Tuy, Tva) < qmax {8,y (u, — £,), Since the condition (6) is satisfied
(14 8,)v(uy —&,) + v (uy — ),

% vty — ) + (2= B8,) v — 5n)}

IN

v (=) + v (1, —&5)

v (tn— ) + Hy(Tity, Tv,) + €,

¥ (= w,) + @y (uy—w,) + By (u—&,)
+ €,0,,6<0and < 1

v(u—E,)

IN N

< max{qB,, ¢(1+86,),q(2—B,)/2} v(u, —&,)

+q v (uy — )}
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since lim y(u,— u,)= 0, we  have
n— oo

lim sup v(u, —&,) < B lim sup y(u, —&,),

since 0 <3<, which implies that
lim y(u, — &,) =0 since v(p—&,) < v(p —u,) +

n—oo

v(u, — &,), it follows that

{ 1+’Y(un_§n) I+Y(un_§n)+7(p_§n)}
I+y(u,—p)”  2[147y(u,—p)]

1
= 1— =
s{11]

3. Common fixed point for a pair of mappings

lim max
n— oo

1.

We replace the condition (6), (7)and (1) by taking
£, €Tu, andu, €Sv,, n €N

v(&,—u,) < Hy(Tu,,Sv,) + €, with lime, = 0 (13)

Hy(TumSVn) S OI’Y(M,,_,LL,,,) +:8’Y(un_gn) (14)

HV(SP,TM,,) < a’Y(”n_p) + ’Ydy(umTun)
+ od,(p, Tu,)
Jr51’IlaX{d7(p,Sp),d7(u,,,Sp)} (15)

Also, assume that
Hy(Sp,Tp) < ﬂ[dy(l’, TP) + dV(PaSP)] (16)

Theorem (3.1)

Let u, be a CCRMS, @+#A C p, and A be convex
S, T:A—CB(A). Suppose that {u,} as in (5) con-
verges to point p, where o, + (,= 1, Vnand
nlLIIgoinfan>O {&,}1.{u,} satisfying (13). If for all n

sufficiently large, S and T satisfy (14), (15) and (16).
Then p is a common fixed point for S and T
Proof: Use condition (5) u,; = (1— ap)up+ onpy,
W, €Svy. We have 'Y(un+l - un) = an'Y(un - ,un)
since nlLrIgo u, = pthen nlLII.}O (thys1 —up) =0
Also, since liminfa, = 0 then which means that
nlim W, =p. Usfnécéondition (13) and (14), we have:

’Y(gn - :un) S H’y(TMmSVn) + €
S a’Y(un - :u'n) + 67(”11 - 5;1) + €n

Taking limitas n — o0 yields,
lim y(§, —p) < Blimy(p —&,) , which implies that
limé, =p

Using condition (15) to have:

dy(p,Sp) < 'Y(”n _P) +d~/(umT”n) —|—H7(Sp, Tun)
S 'Y(un —P) + 'Y(un - gn) + a’Y(un _P) + ’Ydy(unyTun)+
od,(p, Tu,) + Bmax{d,(p,Sp),d, (u.,Sp)}
<v(u,—p) +v(u, —&,) +ay(u, —p) + u(u, —&,)
+0v(p —¢&,) + Bmax{d, (p,Sp),y(u, —p)+d,(p,Sp)}
<(1+a)y(u, —p)+(1+7)v(u,—&,) +0v(p—&,)

+ Bmax{d, (p,Sp), (. —p) +d,(p,Sp)}

Taking limit as n — oo yields
dy(p,Sp) < Bd,(p,Sp) which implies that pESp. To
show that p is also a fixed point of 7, using condition
(16)
d,(p,Tp) < H,(Sp,Tp) < Bld,(p,Sp) + d,(p,Tp)]

So, p must be an element of Tp

Corollary (3.2)

Let u, be a CCRMS, @+A C u., be convex S,T :
A— CB(A) satisfying
H,(Tu,Sv) < gmax{ky(u—v),d,(u,Tu)

+d,(v,Sv), d,(u,Sv) + d,(v,Tu)} (17)

Jdu,vin A where K > 0and 0 <qg< 1. If there exists
up in A >{u, } satisfying (5) and (13) fora, + 6, =
1 lim infe, >0 and lim B, = 0, converges to p then p
is'a fixed point of T."”%

Proof: It is sufficient to show that T satisfies con-
ditions (14), (15) and (16) from (17), we obtain
H,(Tu,,Sv,) < gmax{ky(u, —v,),
dy(th, Twy) + dy (v, Svi), (18)
dy(th, SVi) +dy (v, Tuy) }

From condition 3),
v =1 —By)un + Bu&,, §,€Tu, for all n. We have

'Y(un - Vn) - ;87(”;1 - gn)v

d«/(an Tu, ) < /Y(vn - gn) = ’Y((l - Bn)un + 6ngn - gn)
= ’Y((l - Bn)un - (1 - ﬁn)gn)

- 6n) ’Y(un - gn);d~/<vnasvn)
(V,, - :u’n) ,,anESV,,
(ty = Vi) + v (U — 1)

u,

IN N N

n’Y(un - ‘En) + ’Y(M'l - :u’n)d’y(unv Tun)

(
Y
Y
B8
y(ty = &4), € ETuy

IA
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And d,(uy ,Svi) < v(uy — Hy). Since lim supB, <1 then we can choose ng large
Substituting into (18) gives e

enough to make max{ 6,”1_76" }<1 and condition
H,(Tu,,Sv,) < gmax{kB,y(u, —&,),
vy —£,) + By (y — ) + v (u, — ), (14) is satisfied from (19), we obtain

v (= ) + (1= 8,)v(n — &)} < qv(un — )+ H,(Tu,, Sp) < max{y(u, —p),
max{kghy, q(1+6,)}v(un = &)} d,(u,, Tu,) +d,(P,SP) d,(u,,Sp) +d,(p, Tu,,)}

because 8,— oo asn— oo So, there exists ng large 2 ’ 2
enough to make max{kg@,, ¢(1 + 8,)} <1 and (14) is d. (up, Tuy)  d,(p,Tuy)
satisfied. Again from (17) <v(u,—p)+— n27 . ’ ’2 .
H,(Tu,,Sp) < gmax{ky(u, —p), 1
dy(uy, Tu,) +d,(p,Sp), +§max{dy(P, SP), dy(un,Sp)}
dy(n,Sp) +d (p, Tu,) } < gk v (u, — p) + qd (u,, Tu,)
+qd.,(p, Tuy,) + qmax {d.(p,Sp)d., (., Sp)} .SO’ a=1, p=06=0=1 and condition (15) is

It is clear that, if « = gk, p =0 =8 = ¢g< 1, then satisfied
(15) is satisfied from (17) Finally, from (19), we get
H,(Tp, Sp) < gmax{ky(p—p),d,(p,Tp) + d,(p,Sp), H,(Tp,Sp) < max{y(p —p),
dy(p,Sp)+ d(p, Tp)} < qmax{0,d,(p, Tp), d,(p, Sp)} dy(p,Tp) +d.(p, Sp)
and (16) is satisfied with § = g < 1. 2 )

Corollary (3.3) do(p.S d 7

Let 41, be a CCRMS, @#A C u, be convex S, T : /(P p)—;— /(P p)}
A— CB(A) satisfying

d n T n d n S n d (p7 Tp) d (p7 Sp)
H,(Tu,Sv) < maxq y(u—v), v (i, T )—; vV, SV ), { s 2 +— )
dy(ty, Svy) +dy (v, Tuy) (19) 1
2 :E {d,(p,Tp) +dy(p, Sp)}

3 u,v in AIf there exists a point ug €A 3 {u, }in (5) and the condition (16) is satisfied.
satisfying o . Corollary (3.4)
o+ B, =1, Vnnll)ngolnfan >0, nILrI:osupﬁn <l and Letu, be aCCRMS, @+A C u,be  con-
(13), converges to p, then p is a fixed point of T. vex §,T : A— CB(A) satisfies

Proof: from (19), we get H,(Tu,Sv) < gmax{y(u—v),

d ny T n d ny n d ny n d ns T n
Hy (T, 507) < {1, ) 2 T S]] 2T | (20)
Y(ll?;ut_ff}m)n:tl};: 2,0(1;(1130511)(5)’ we have d, (v,Sv)[1+d, (u,Tu) dy(u,Sv)[l—i—dy(u,Tu)—&-dY(v,Tu)]}
n n n n n)y 1+v(u—v ’ 2014+~ (u—v

d'y(vaun) S (1 - ﬁn)’\/(un - gn)a ,Y( ) [ /Y( )]
dv(vn,Sun) < By (un — &) + v (un — ), (21)
dy(tty , Tup ) < y(un —E,) and dy (i , Sva) < v(uty — Ju,vin A‘ Wh?re 0 <g< 1. If there exists an uy in
,)- Substituting into (20) yieldsO03A AS{uy} satistying (5) and (13) fore, +6, =1

HY(TMn,SVn) S maX{ﬁn’Y(un 75’1)’7(1/‘11 - En) + 6;1 ’Y(I/t; - En) + ’Y(un - Mn)’ 7(un - :u'n) + (12_ ﬁn)’Y(un - 5;1)}
_671
2

1 1
§max {6n7 }’Y(un_gn)—’__’)/(un_lu'n)

2
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= (l_ 611)”11 + Bn&n - 5ngn - (1_ 6n>£n

lim infe, >0, 1lim 8, = 0, converges to p, there p is Vo — &,
n— oo n—o0
a fixed point of 7. So.

Proof: Using (21), we get

dy(Vay SV)[1 4+ dy (tn, Tuy)] dy(tt, Svi)[1 + dy (i, Tuty) + dy (v, Tu,,)]}

H,(Tu,,Sv,) < qmax{'y(u,,— V), e — , 2+ 1 — )]
—y 'Y(un - /*Ln)[] + 'Y(un - gn)] 'Y("tn - ,un)[l + 'Y(un - En) + 'Y(Vn - ‘:Cn)]
= qma"{””‘” R R 20+ 7(uy —£,)] }

From condition (5), Y (—E) = (1= B,y (un—E,)
Vo — My = (1_611)un + ﬁngn - ﬁnp'n - (1_611)y’n .
Since

— )1+ (2= B,) (s —&,)]

’Y(M,, - I‘Ln)[l + 7(un - ‘gn) + /Y(Vn - gn)] — 7(un
2[1 + ﬁn’Y(un - En)]

2[1 + 6117(’/% - gn)]

1
S E [’Y(un_“’n) + (2_ ﬁn)’Y(un_gn)]
So,
n_ngl_n n_n+n n~ Mn .
YO i) S (1= By (= p) + B (=) Then for all n sufficiently large, we get:
S 1_6n Y\Un— My, + 6/1 Y Un— My
=Bt ) - Buly (i) H, (T, 59,) < qmax{B,y(14+6,1(u,—5,)
+ 'Y(un_ En)] 1
— - — 2 —
— Y(Mn—,un) + 6n7(un_§n) + ’Y(un Iu’n)72 [’Y(Mn Iu’n) + ( 6n)’Y(un gn)]
< max n» 1+ njs 2— n 2 Up—¢Gy +
Also, from condition (5) v(up1— n) = oy (Uy— - {41, a(1+8.).a(2= 1)/ 2}( ) Fa
Uy) . Since {u,} is convergent, lim y(u,41 —u,) =0 (0 — t1y) ) ) ) ) - )
n— o0 and (14) is satisfied, since lim 8, = 0. Again from
and from lim infe, >0 . Yields lim y(u,— u,) = 0. (1), we get n—co
Therefore, for all n sufficiently large,
’Y(un_ﬂn) + 6n7(ui1_5n) S 1 +6n7(”n_‘§n)'
Thus, for all n sufficiently large and from in-
equalities in the proof of corollary (13), we have
’Y(Vn _:u’n)[l +,Y(un _gn)} ’Y(vﬂ _ru’n)’Y(un _gn)
S Vp — n+ S Vp — n+ “n_gn
Y(Va = M) T p— Y (v = ) + ¥ ( )

1 + 6}17(“11 - 5;1)

S ’Y(Mn - Iu’n) + ﬁny(un - ‘En) + ’Y(Mn - En) = (1 + 6”)7(”" - :un) + ’Y(Mn - #n)

Since (14) is satisfied

Since,
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d'Y(p7Sp)[1 +’Y(un -

gn)} dv(blmSp)[l + ’Y(un —

Hy(TumSp)Sqmax{/Y(un_p% 1_’_7(” _p)

1 +’Y(un _gn) 1+7(un -

£)+v(p— En)]}

< qvy(u, —p) +qmaX{ ,
( 1+’Y(un_p)

v (= £,) < v (un — ) + (0, — €,)
< 'Y(”n - :“n) JFHY(T“mSVn) +e6 < 'Y(Mn - :un)
+ory (uy — m,) + By(u, —€,) + €

where «,6>0 and $<1 Since lim y(u, —u,) =0,

we have
hm sup 'Y(un - En) S 6 hm Sup?’(”n - gn)a

since 0 < <1, which implies that
lim y(u, — &,) =0 since

v(p—¢&,) <y —uy)+ v(u, —&,) it follows that

1 + ’Y(Mn - gn) 1 + ’Y(un - En) + 'Y(P B En)}
1+'Y(”n *P) ’ 2[1+7(”n*p)]

maxy 1 ! 1
= X — =
2

Therefore, for all n sufficiently large (15) is satis-
fied. Since (14) and (15) are satisfied, then by theorem
(13) pis a fixed point of S from (21), we obtain

n—oo

lim max{

H,(Sp,Tp) < qmax{O, d,(p,Sp)[1

1
TP S+ d . T0) + T
=0
and (16) is satisfied trivially.
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