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The Revised NIM for Solving the Non-Linear System Variant Boussinesq
Equations and Comparison with NIM

Abstract

This research aims to guide researchers to use a new method, and it is the Revised New Iterative Method
(RNIM) to solve partial differential equation systems and apply them to solve problems in various
disciplines such as chemistry, physics, engineering and medicine. In this paper, the numerical solutions of
the nonlinear Variable Boussinesq Equation System (VBE) were obtained using a new modified iterative
method (RNIM); this was planned by (Bhaleker and Datterder-Gejj). A numerical solution to the Variable
Boussinesq Equation System (VBE) was also found using a widely known method, a new iterative method
(NIM). By comparing the numerical solutions of RNIM and NIM methods, the solution VBE using the new
revised iterative process (RNIM), is accurate, reliable, robust, promising and quickly arrives at the exact
solution. Moreover, the results also show that the solution of the (RNIM) is more reliable and faster
compared to the new iterative method. Finally, a solution by RNIM is easy to calculate, but sometimes
requires more calculations.
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1. Introduction

Researchers around the world seek to find and
improve numerical methods that help them solve
equations, especially regular and partial differential
equations, partial and ordinary differential equations
which have entered into all sciences and have been
used to represent most phenomena in various sciences.

In this paper, the RNIM was used to solve the
system (Eq. (1)) numerically through the nonlinear
variant Boussinesq equation (VBE) [1,2]:

Et+Qx+EEx:Oa (])
Qi+ (EQ), +Exx =0.

It can be written as:
OE 0 oE
__%9 .

o ox  ox
00 90 _OE OE

x_ X _oZ_~~
ot Ox Qﬁ x>

(2)

With an exact solution for a system (Eq. (2)) [1] is:

t
E(x,t) =—1 —&—cosh()%)

O(x1) = ~1 +C05h<)%) —%{— 1 4—cosh<)%)}2
3)

Some researchers use the VBE system; solving the
system of nonlinear modified Boussinesq equations and
find the numerical solution modified NIM for the system
variant Boussinesq equation [3,4]. The variant Boussi-
nesq equation plays an important role in fluid dynamics.
Various wave solutions of (Eq. (1)) have studied nu-
merical or analytical methods such as; homogeneous
balance method, exp-function, homotopy analysis,
extended Fan's sub-equation method, bifurcation theory,
and algebraic methods. In this research, we find nu-
merical solution by using RNIM and NIM methods for
the system variant Boussinesq equation [4].

RNIM is easy to implement using a computer pro-
gram to obtain a better result. The revised new iterative
method was planned by (Bhaleker and Datterder-Gejj)
to solve a nonlinear functional equations system and
find convergence for the proposed method [5]. “The
problem of finding a model describing biological
species living together” was solved by using the RNIM
[6].

https://doi.org/10.33640/2405-609X.1829

The NIM was planned by (Jafari and Daftardar-
Gejji), and proved by Hemeda [7,8]. The benefit of
NIM is that it gives a highly accurate solution with a
comparatively much lesser number of iterations.
“Bhalekar and Daftardar-Gejji Apply NIM to PDE and
submit a research article about convergence of NIM
[9,10]. Many researchers used the NIM method in
order to solve: fractional boundary value problems
with Dirichlet boundary conditions using NIM”, linear
and nonlinear Klein—Gordon equations, and the sys-
tem of linear differential equations [11—13]. Using
NIM, “the approximate analytical solutions of the
Newell—Whitehead—Segel equation and solution of
fractional gas dynamics and coupled Burger's equa-
tions” were solved [14,15] in addition to the solutions
of Eigen value problems and Variational problems
[16,17]. The NIM also contributed to “solving
nonlinear Burger's equation and coupled Burger's
equations, as well as solving modified Korteweg-de
Vries (MKdV) System from three equations. “There
was a comparison between NIM and natural homotopy
perturbation method for solving nonlinear Time-frac-
tional Wave-Like equations with variable coefficients
nonlinear dynamics and systems theory” [18—20].

The arrangement for this paper is as follows: In section
1, a historical brief survey and introduction for RNIM and
NIM are provided. Section 2 explains mathematical
methods for the RNIM and NIM. The numerical solution
of the nonlinear variant Boussinesq equation (VBE)
system is found by using two methods discussed in sec-
tion 3. Section 4 shows results and discourses of which
the solution for RNIM is more accurate and faster
compared to other commonly used technologies such as
NIM. Concluding remarks are given in section 5.

2. Mathematical model
2.1. New iterative method (NIM)

In the following public functional equation:
E=f+M (E )7 (4)

N is a “nonlinear operator”. The solution of (Eq.
(2)) has the series form:

E= iE (5)

Where M is analyzed as:
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i=0 i=1 j=0 j=0
(6)
Equations (Eq. (4)) and (Eq. (5)) above were used in
(Eq. (3)):
) oo i—1
S E=f+M(E)+ Y [M (ZE) m(> E)]
i=0 i=1 Jj=0

We determine the relationship of repetition as:
E\=M(E))
E2 :M(E0+E1) —M(E())
Es=M(E,+E +E,)-M(E,+E)
E, 1 =M(E,+E +...+E,)=M(E,+E;+...+E,1);

n=12..... (8)

Then as fallowing
E0+E1 +... +En+1 :M(EO +E| “+ ... +En),

El,l = Ml (E1,03E2,07E3,07 ............

And
iE,- =f+M(§:Ej)
i=0 Jj=0

The n-term “approximate solution” of (Eq. (3)) was
given as:

E=E +Ey+..+E,_,. (10)

To know the convergence of NIM, see the source
[10].

2.2. Revised new iterative method (RNIM)
We submit the “algorithm of the RNIM” provided

by (Bhalekar and Daftardar-Gejji) to explain the
technique [9]. We consider using (Eq. (4)) as the

following:
Initial conditions (n = 0):
Eio=fi, i=12,3,...... N (11)

The first iteration (n = 1):

Eyy =My(Ey g+ E11,Er0,Es oo JEno)
E3¢l :M3(E1Ao +El,17E2,0 +E2,17E3,m """"" 7En,o)
En,l :M,I(EL,, +E1,1,E2,0 +E271, ......... geveesanniens aEnfl,O +En,1,1,E,,70); n= 1,2,3,....

n=1,2, ... 9)
h—1 h—1 h=2
Evp=M, ZEI,, ...... ZE) MI(ZEI,, ......

k-th iteration (n = h =2, 3, 4,......)

h—
E2k_M2(ZE1,7ZE2,, ...... ZE) M2<ZE1,,ZE2,, ...... > En)

i=0

i=o i=o0

E,,k:M,(ZEl,i, ...... ZE, 1,,ZE,,, ...... ZE) —M_,«(ZEL,« ...... ZE, 1,,ZEJ, ...... ZE)

i=0 i=o0 i=0
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Thus
Ml(El)le(ZE]J ...... ZE"J):ZE’J
Jj=0 j=0 =1
Hence

3. Numerical results

In this section, we find the numerical solution for
E(x, t), F(x, t) satisfying the VBE (Eq. (1)) using two
methods [1,2]:

3.1. New iterative method (NIM)

To obtain the initial conditions from (Eq. (3)), let
t = 0 then:

1
E(x,0) =Ey,=—1+coth (§x>

0)=Qy=1 h L ! 1 h 1 ’
Q(Xa )_QO— —cot <§X) —§<— +Cot <§x>)

(13)

We construct two iterative E, Q for the system VBE
(Eq. (2)). To solve the system of that equation by NIM
and from the equation (Eq. (9)) as follows:

E(x,t):/Ml(E,Q)dt:/(—28—ng>(1
0 0

t

’ 9Q _OE O'F
O(x,t)= | My(E,Q)dt= ( E——Q )dt
0/ 0/ x Ox°

(14)

Substitution of the initial conditions (Eq. (13)) in
(Eq. (4)), get:
t

t 0 oE
0 0

t

Ql(x,t)—/Mz(Eo,Qo)dt—/<

0

0 0E, OE
EO QO_QO 0 0>d[

ox  Ox3

An integral equation, we get:

t(cosh(x) +1)*)

BT 7 (13
t(+ 1 4 cosh(y)* + 2cosh(y))
Q(x,t) = - 3
sinh()
Then, find E,:

t

E,(x,1) :/(Ml (Eo+E1,Q0+01,) —M,(Ey,Qy))dt

0

Bx(r)= / (= a0 =Bt B (Bt )

0 0
—(—aQo—EO&Fm))df (16)

By integral equation (16), the result of E, will be as
follows:
B =g ——
6 sinh(y)
+6cosh(y)’ + 6cosh(y)*t+ 6cosh(y)

(

— 6cosh(y) +2t—3)t*)

((3cosh(y)* +2cosh(x)’t

To find Q»

t

O>(x,1) = /(Mz(Eo +E1, Qo+ 01) — M(Ey, Qo))dt

0

Qz<x,r>:Z((—<E0+El>%<go+gl>

3

0
(Q0+Q1)a— —a—X3(E0+E|)>
0

63
N ——F dt
< Fogy 2 QO ay’ 0))

(17)

(Eo +E1)

An integral equation (Eq. (17)), get the following:

Qz(.x, l) =
+6t—6)/ (cosh()()3 —3cosh(y)” + 3cosh(y) — 1))

%] (*((3cosh(y)” +4cosh(x)t + 3cosh(y)

Now find E3:
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t

Es(x,t) = [ (Mi\(Eo+E\+E>,Qo+ 01+ Q>,) —M(Ey + Ey, Qo+ Q1))dt

Eg()C,ﬂz/((—%(Qo—i—Ql +Q2)—(E0+E1+E2)%(EO+E1+E2)>

—<_%<Q0+Q1)—(E0+E1)%(E0+E1))>dt (18)

Integrally (Eq. (18)), the result will be:

-1 1
E;(x,t) = *
(00) 2520 (sinh(x)’ (cosh(x)* — 4coshx® + 6cosh(x)* — 4cosh(x) + 1))
(£ (— 840 + 1050cosh(x)*sinh(x)t + ............ o + 1470t + 504cosh (x)sinh(x)t*))

Now, find E, then:

n+1

E(x,1) = ZE,-(L 1) = Eo(x,0) + Ey (x,0) + ...... + Epp1 (x,1)

1 1
T I — 2520
OO = B Bt a4 B = 53t imh () (cosh(x)" — dcosh(x)” + 6eosh(x)” — deosh(x) + 1))

+7560cosh(x)*sinh(x)t — ............. o, +2520sinh(x)’) (19)

To find Q5 :

Os(x,t)= | (My(Eo+E1+E», Qo+ Q1+ Q2) — My(Eg+Ey,Qo+ O1))dt

0 0 o°
Qs(x,1) = <(— (Eo + E; +E2)a—(Q0+Q1 +0,) = (Qo+ 01+ Q) —(E, + E\ + E;) ——(E, +E, +E2)>
x 0% D%

c\ﬂ O\N

3

—(— (E0+E1)%(Q0+Q1) - (Q0+Q1)%(E0+El) —aé—)é(Eo—i-El)))dt (20)
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By integral equation (Eq. (20)), get:
0(x,1) = 5555 * 1
x,t) =
’ 2520 cosh(x)® — 6 sinh(x)’ 4 15cosh(x)* — 20cosh(x)’ 4 15cosh(x)> — 6cosh(x) + 1
(£ (—252042100 cosh(x)’sinh(X)7 + ............ F o, F o + 6300t -+ 1680cosh (x)sinh(x)t*))
(21)

Now to find Q(x, 1), then:

n+l1

O(x,1) = 0ilx,t) = Qo(x,1) + Q1 (x,1) + ... + Qi1 (x,1)

i=0

-1 1

Ox,1)=0Q0+01+0,+ 0=

(—2520— 2520cosh(x)*sinh(x)z — 10080cosh(x)’sinh(x)z 4 ............ Forreens +9540cosh (x)cosh(x)t*

—420cosh (x)4sinh(x)t3)

The numerical solution and behavior gave the ab-
solute errors and mean square error between the exact
solution and NIM for E, Q and various values of t, and

x = 5 for the variant Boussinesq equations as shown in Ox,1) = / My (E, Q)dt = / (

Table 1 and Fig. | respectively. 0 0

*
2520 (cosh(x)® — 6¢cosh(x)’ + 15cosh(x)* — 20cosh(x)’ + 15cosh(x)* — 6cosh(x) + 1)
(22)
E(x,t)= /Ml (E,Q)dt= / < EZE) dt
X
0

| QI OE

ox  0ox’
(24)

3.2. Revised new iterative method

Obtain the initial conditions from (3) and let t = 0,
then:

Table 1
The absolute errors and mean square error between “NIM and exact
solution” for E, Q and diverse values of t and x = 5 for the variant

Boussinesq equations.

1
E(X,O) :EO =—1 +C0th (EX)

t |Eaxact - ENIM‘ ‘Qexacl - QNIMl
1 1 1 2 0.01 3.554762343%1071° 22 %0710
Q(x,0)=Q,=1—-coth <—x) ——<— 1+coth (—x)) 0.02 9.143072000%10~° 1.8%1071°
2 2 2 0.03 1.960219500%10° 6.8%1071°
(23) 0.04 2.517161815*10° 2.72%10°
0.05 5.731206700%10° 5.75%107°
—8 —8
We construct two iterative E, F for the system VBE g'gs }g;ggzzgégiig,g ;'?52:}8,8
(Eq. (2)). To solve the system of that equation by 0.08 3.192572529%10~% 3.745%10~%
RNIM and from the equation (Eg. (9)), get: 0.09 4.912779520%10 5.949 #107%
0.1 7.388454817%107° 9.09 *10°®

MSE 8.972096230%107'¢

1.385255583 *10™"°
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Substitution of the initial conditions (Eq. (23)) in
(Eq. (24)), get:

O.A. Jasim / Karbala International Journal of Modern Science 6 (2020) 353—364

t
B B OF, _ OF,
E](x,t) = /M](E(),Qo)dt— /<—g—Eog >dt
0 | 0 | (25)
01(x,1) —/M(E 0 )dt—/ B+ B0y — Qo (B Br) — L (B + By ) e
1Ay - 25050 - 0 1 aX 0 Oax 0 1 ax3 0 1
0 0
0 0
Through integration (Eq. (25)), get: - —&QO—EOEED dt (26)
E ~ t(cosh(x)+1)
()=~ sinh(x) And by integral equation (Eq. (26)), the result is as
follows:
1 4 4 -1
Qif)= - 2 sinh(x)’ ((reosh ()" ~2cosh(z) E>(x,1) == (£ (tcosh()* —3cosh(x)sin(y)
+6tcosh(y)’ — 4cosh(x)’ + 12cosh(y)’ +9tcosh(y) —2tsinh(x) + 3 sinh(x)

+ 10tcosh () + 10cosh () + 3t +2)t)

To find E»:

t

E,(x,1) :/(Ml (Eo+E1,Q0+0Q1,) —M;(Eo,Q))dt

0

0
—aX(QﬁQl)—(EﬁEl)(Ea+El))

o

Fig. 1. “The exact solution of the system VBE” (Eq.

+10t) / (cosh(x)* —3cosh(x)* +3cosh(x) — 1))
(27)
To Find O,

1

O (x,1) = /(Mz(Eo+E1 +E», Vo+ Vi) —M(Up, Vo)
0

X )dt
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3

[ 9 9
Qz(x,l):/<<—(E0+E1+E2)£((Q0+Q1)—(Q0+Q1)6X(E0+E1+E2) —(E0+E1+E2)>
0

FIvE
- (28)
=g+ E) L0, - 00 (E +E)—a—3(E +Ey) ) )dr
o 1 6')( o Oa')( 4 1 x> o 1
By integral equation (Eq. (28)), get:
0:(51) == 3¢
q 2 360
* — (7 ( =360+ 10201
(cosh(y)® —6sinh(y)” 4+ ..ooovvviiiiiieeiieee e +1)
— 15 cosh()*sinh()> — 36 cosh () sinh (%) — ...l T
+ 1440cosh (x)* 4 1260 cosh () — 540 sinh(z) %))
(29)
Now to find E; then:
t
Es(x,1) = /(MI(EO +Ei+E>, Qo+ Q1 + Q2) — Mi(Eo + Ey, Qo + Q1))dt
0
t
(30)

B = [ (@040~ (B B+ B (B4 B+ E)

(=}

_<_%(QD+Q1) _ (ED+E1)%(E0+E1)>>dt

Integrally (Eq. (30)), get:
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—1
1) =5530
* 7 : (*(— 5040
(cosh (x)" —7cosh(x)” 4+ ....uvvnenn. F o F o, F o +7 cosh (x) — 1)
— 10080 t + 3549 cosh(X)° 2 + ...ovvvereeiie F o, — 16800 cosh (x)* + 840 sinh (x)t
—315cosh (x)’ sinh (x)t))
(31)
To find E, then:
n+1
E(x,t) =Y E(x,1) = Eo(x,t) + Er(x,0) + ... + Epi1(x,1)
i=0
E(x,1) = Eo+ Ey + Ey + Es = ~—2
ot Bt Bt =550
o al
(cosh(y)" —7cosh(%)” + .cevnernennnn. For F o, Fo + 7cosh () — 1)
— 2520 + 2520t + 5985cosh(y) sinh(y)r* + ......... Forenee — 17283sinh ()t — 12270sinh (x)5t7)) (32)
To find Q5 :
/ My(Eo+Ei + Ex +E5, Qo + Q1 + Q2) — Ma(Eg + Ei + E>, Qo + Q1))dt
0
d
05(x, 1) /(( (Eo +Ei +E; JrE})&(Qo + 01 +02) — (Qo+ Q1 + 0») X(Eo +E\ +E, + E3)
0 (33)

63
_J(E +E1+E2+E3)>— ( (E, +E1+E2) (Q0+Q1) (Q0+Q1) (E0+E1+E2)

3

0
_?(Eo +E; +E2)>>df

By integral equation (Eq. (33)), get:
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1 1
X, 1) = *
O:(x1) 3632428800 (cosh(x)" — 13sinh(x)'> + 78cosh(x)"' — .................. Forrieieen, + 13cosh(x) + 1)
(£ (— 10291881600 — 28756728001 + .............. o
+30421591200 cosh(x) 't — 299497980600 cosh(x)"*t) ) (34)

Now to find Q(x, 1), then:

n+1

Q(Xat) = ZQ[(X?I) = QO(X»t) + Ql(x;t) +... .+ QrH»l(Xat)

pary
Ox,1) =00+ 01+ 0>+ 0
1

*

~ 3632428800 (cosh(x)" — 13sinh(x)"* + 78cosh(x)"" —

— 3632428800 — 1078831353600 cosh(x)’2 + —

+ 100610509272 (cosh(x)"t"" — 120472582230cosh(x)’t*) )

The numerical solution and behavior gave the ab-
solute errors and mean square error between RNIM
and exact solution for E, Q and various values of t and
x = 5 for the variant Boussinesq equations as shown in
Table 2 and Fig. 2 respectively.

The numerical solutions obtained by the RNIM and
NIM methods are shown for diverse values of t and x in
Tables 3 and 4 and Fig. 3 respectively in addition to the

Table 2

The absolute errors and mean square error between “RNIM and exact
solution” for E, Q and diverse values of t and x = 5 for the variant
Boussinesq equations.

t |Eexact - ERNIM| ‘Qexacl - QRMINI

0.1 1.290089022*10~° 2.275482100 *10~1°
0.2 1.050088123*10~° 2.897600000 *10~ !
0.3 1.370000000%10~° 5.977280000 *10~!!
0.4 1.340000000%10~° 3.554886000 *10~'°
0.5 4.400000000%10~° 2.282700000 *10~'2
0.6 2.000000000%10~!! 4.019130000 *10~1°
0.7 2.090000000%10~° 4.446300000 *10~ 1
0.8 7.900827483%10~'° 6.987170000 *10~ "
0.9 5.900000000%10~1° 5.768891000 *10~'°

1
MSE

1.330000000%10~°
1.135054524%10~ '8

5.654739000 *10~'°
5.8936714410%10~2°

comparison of absolute errors and mean square error
for the variant Boussinesq equation system between the
RNIM and NIM for E, Q was conducted.

4. Results and discussions

a. By comparing Fig. 1 (the exact solution of the
system VBE” (Eq (3)) when x = —10...... 10,
t = —0.3......0.3) with Fig. 2 (The E and Q by
NIM, for various values of x = —10....10,
t = —0.3...03.) and Fig. 3 (The E and Q by
RNIM, for various values of x = —10....10,
t = —0.3...0.3), it is evident that Fig. 1 is very
similar to Fig. 3, which means that the solution by
method RMIN is very near to exact solution.

b. From the comparison of Tables 1 and 2, the ab-
solute error (Eexact - ERNIM > Qexact - QRNIM ’
Eexact - ENIM’ Qexact - QNIM ) for RNIM and NIM
for all values of t and x = 5 for the nonlinear
system (VBE). We note that the clear superiority of
the RMIN method is because the error amount of
the RNIM method is less than the error amount of
the NIM method for E, Q respectively. This means
that the RNIM method is the best because it is
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Fig. 2. The E and Q by NIM, for various values of x = — 10.... 10, = — 0.3...0.3.

Comparison of “absolute errors and mean square error” for E by the variant Boussinesq equations system between RNIM with NIM for varied
values of x and t.

(t 3 X ) Eexact ERNIM ENIM |Eexart - EKNIM | |Eexact - ENIM |
(10.1,0.05) 0.000078155 0.000078155 0.00007815501747 o 2.7020%1071°
(10.2,0.06) 0.000067268 0.000067268 0.00006726845486 o 5.8037%107 10
(10.3,0.07) 0.000057898 0.000057899 0.00005789614112 1%10° 1.85888%10°
(10.4,0.08) 0.000049833 0.000049833 0.00004982925760 o 3.74240%107°
(10.5,0.09) 0.000042892 0.000042891 0.00004288335697 1%10° 8.79673%10°
(10.6,0.1) 0.000036917 0.000036917 0.00003690213064 o 1.486936%10%
(10.7,0.11) 0.000031775 0.000031774 0.00003174903207 1%10° 2.596793*10%
(10.8,0.12) 0.000027349 0.000027349 0.00002730809547 o 4.090453*1078
(10.9,0.13) 0.000023539 0.000023540 0.00002348164333 1#10. 5.735667%10°
(11,0.14) 0.000020260 0.000020259 0.00002018144877 1¥10” 7.808715%107%
MSE 1.505619958*10~ 1.221576748*%10~ 13

closer to the exact solution and the absolute errors

are less for it.

c. In Tables 1 and 2, the mean square error (MSE) by
NIM for E, Q is

8.972096230%101°

square

and

€rror

1.385255583*10 "> respectively while the mean
for RNIM
1.135054524*10~"®  and

for E, Q is

5.8936714410%10~%°

Table 4

Comparison of “absolute errors and mean square error” for Q by the variant Boussinesq equations system between RNIM with NIM for varied values
of x and t.

(t,x) Qevact Ornivt Onin Qeract — Crvint] Qeract — Ol
(10.1,0.05) —0.00007815805410 —0.00007815827154 —0.00007815825021 6.88924 x 107" 8.245541 x 107"
(10.2,0.06) —0.00006727026249 —0.00006727071534 —0.00006727041069 431077 x 107 3.951478 x 107'°
(10.3,0.07) —0.00005789967609 —0.00005789989884 —0.00005789851728 440 x 1072 7.703609 x 10°*
(10.4,0.08) —0.00004983424166 —0.00004983450320 —0.00004983059171 1.560 x 107'° 9.523873 x 1076
(10.5,0.09) —0.00004289291986 —0.00004289265787 —0.00004288410207 13995 x 107'° 9.338900 x 107>
(10.6,0.1) —0.00003691768143 —0.00003691783508 —0.00003690193847 3.5842 x 10710 1.851572 x 107>
(10.7,0.11) —0.00003177550483 —0.00003177531804 —0.00003174892675 2.9246 x 10710 2.828288 x 107°
(10.8,0.12) —0.00002734937398 —0.00002734916087 —0.00002730881075 6.0465 x 107*° 9.258313 x 1078
(10.9,0.13) —0.00002353927704 —0.00002353957285 —0.00002348164087 4.0137 x 107" 2.848026 x 107°
(11,0.14) —0.00002026020523 —0.00002026066741 —0.00002018151581 1.8008 x 107'° 1.449418 x 107"

MSE

6.968375906 x 1022

1.227095381 x 10713
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Fig. 3. The E and Q by RNIM, for various values of x = — 10....10,t = — 0.3...0.3

respectively, then the mean square error (MSE) for
RNIM is less which means that RNIM is better.

. From Tables 3 and 4 comparison of “absolute er-
rors and mean square error” for E, Q by the variant
Boussinesq equations system between RNIM with
NIM for varied values of x and t. RNIM is more
accurate and faster compared to the NIM method.

f.

. Fig. 4: during the drawing of E, Q For values of

x = 11, t = 0...2, it appears that the figure drawn
with the RNIM method is closer to the actual shape
compared to the figure drawn with the NIM
method.

All tables and figures are obtained using Maple 18.

0.00003 4

0.00001 4

0.00001--|

NIMFOR E —— EXACT FORE

0.00001
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NIMFOR Q —— EXACT FORQ

E="Red”, E.x..= Blue” when x=11, t=0...2 for NIM l ‘

Q="Green”, Que= " "Blue” when x=11, t=0...2 for NIM I
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0.5 i 15
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Fig. 4. The approximation E, Q by to methods RNIM and NIM with the exact solution, for varied values of x =11 ,¢ = 0...2
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5. Conclusion

The Revised NIM (RNIM) has been successfully
applied for obtaining an excellent approximation chain
of variant Boussinesq equations. It has been shown that
the Revised New Iterative Method (RNIM) is quite
capable and suited for finding exact solutions; this is
because the RNIM technique every time you perform
an optimization depends on the previous step of the
same equation. This is clear from the explanation of
the method in Section (2.2). The consistency of the
method gives this method wider applicability. By
comparing the numerical solution of the VBE system
and using the RNIM and NIM methods with the exact
solution, it was found that the RNIM method is the
most accurate and fastest way to reach the exact so-
lution. Maple 18 was used to carry out the computa-
tions. Finally, it is worth noting that this method is
clear and concise, and can be applied to non-linear
PDE equations in engineering and applied science.
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