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Abstract

This study presents an in-depth examination of the energy levels and decay properties of Gadolinium (Gd) isotopes
with mass numbers (A ¼ 156e160), utilizing the Interacting Boson Model-1 (IBM-1) within a broken SU(3) symmetry
framework. Through this approach, we systematically calculated and analyzed the energy spectra, B(E2) transition
probabilities, quadrupole moments, and potential energy surface (PES) which provided valuable insights into the shape
and collective behavior of nuclei, as well as the decay properties of the selected Gd isotopes. The broken SU(3) sym-
metries provide a good description to the isotopes under study. This comprehensive analysis enhances the under-
standing of the nuclear structure of mid-mass Gd isotopes, making valuable contributions to nuclear physics models and
their predictive capabilities.

Keywords: Interacting boson model, Quadrupole transition probabilities, Broken SU(3) symmetry, Potential energy
surface

1. Introduction

I n nuclear physics, the structures and properties

of atomic nuclei are described through various
theoretical models and formalisms. Models such as
the collective model [1], the shell model [2], the rela-
tivistic mean-field formalism [3], and others offer
powerful tools for exploring and understanding these
complex systems. Each model has its own strengths,
and the choice of model typically depends on the
specific properties or phenomena being investigated.
The region with atomic numbers Z ranging from

50 to 70 and mass numbers A between 150 and 170 is
of considerable importance in nuclear physics,
especially for concerning rare earth elements, lan-
thanides, and their isotopes, such as Samarium (Sm),
Gadolinium (Gd), Dysprosium (Dy), and Erbium (Er)
[4e8]. This area has been extensively studied,
revealing intriguing phenomena related to nuclear

structure, collective behavior, and fundamental in-
teractions within atomic nuclei. The unique charac-
teristics of these nuclei make them a central focus in
both theoretical and experimental nuclear physics.
The nuclei within this range have proton numbers
that are relatively close to each other, with only a few
units apart. This proximity in proton numbers places
them in the same general region on the nuclear
chart, resulting in similarities in their nuclear prop-
erties, and are all considered to be well-deformed,
rotational nuclei. These elements have large quad-
rupole deformations, leading to pronounced rota-
tional bands in their energy spectra.
The study of isotopes of (Gd), particularly in the

mass range (A ¼ 156e160), holds significant
importance in nuclear physics. These isotopes lie in
a region of the nuclear chart where complex phe-
nomena such as shape coexistence, phase transi-
tions, and the interplay between different modes of
collective motion are prevalent. Understanding
these isotopes provides critical insights into the
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behaviour of atomic nuclei under varying conditions
of neutron and proton numbers. The neutron
number plays a crucial role in determining the
shape and structural transitions of Gd isotopes
(Z ¼ 64). As the neutron number changes in the
isotopes, it affects the nuclear shape and the nature
of collective excitations, as well as nuclei can exhibit
shape coexistence, where different shapes (spher-
ical, prolate, oblate) coexist at similar energy levels.
Small changes in neutron number can shift the
balance between these shapes, leading to sudden
changes in the dominant shape of the nucleus. The
study of low-lying excited states in Gd nuclei reveals
significant information about the nuclear deforma-
tion and the collective behavior of these nuclei. The
experimental data, coupled with theoretical models,
help in understanding the interplay between col-
lective rotational motion and single-particle excita-
tions in these deformed nuclei.
The study of nuclear structure and properties,

particularly in rare earth elements, provides vital
insights into the underlying principles of nuclear
physics. (Gd) isotopes, especially those with mass
numbers ranging from (A ¼ 156e160), are of sig-
nificant interest because of their complex energy
levels and decay properties. This research focuses
on a detailed analysis of these isotopes using (IBM-
1). As the neutron number crosses the closed shell at
N ¼ 82, the Gd nuclei exhibit increasing quadrupole
deformation and are expected to be described by the
SU(3) limit. Previous studies [6e14] have used
various theoretical approaches to investigate the
level structure of Gd isotopes.
LU Li-Jun [9] study the spectra and electromagnetic

transition for the even-even 140d162Gd isotopes in the
framework of the interacting boson model. A sche-
matic Hamiltonian is used to describe the spectra and
transitions. The results show that 140d162Gd are in the
transition from the vibrational limit to the rotational
limit. The properties of the low-energy electromag-
netic dipole states in eveneeven 154�160Gd isotopes
have been studied using the rotational, transitional
and Galilean invariant Quasiparticle Random Phase
approximation (QRPA) method [10].
Kassim [11] considered fully rotational (fully

deformed) in 150Ce, 152Nd, 154Sm, 156Gd and 158Dy
nuclei when R4=2 value ~ 3.33, and the shape phase
transitions fromU(5) to SU(3) in 148BawhenR4=2 value
~ 2.9. The energy levels, transition energy (Eg) and
B(E2) values were obtained for these isotopes using
the IBM-1. The contour plot of PES shows that the
shape phase transitions from U(5) to SU(3) for the
148Ba,while 150Ce,152Nd,154Sm, 156Gdand 158Dynuclei
are deformed and have rotational-like characteristics.

The positive ground-state band of 154e164Gd
calculated using BohreMottelson Model, Interact-
ing Vector Boson Model and Interacting Boson
Model, while the negative-parity band of 154e164Gd
was calculated using BohreMottelson Model and
Interacting Vector Boson Model only. They adopted
pure SU(3) symmetry in their calculations for band
structure and transition probabilities [12].
The energies of low-lying levels and E2 transition

rates for even Nd/Sm/Gd/Dy isotopes were calcu-
lated in the IBM framework and they applied a
small perturbation in the SU(3) limit of the IBM was
applied to these isotopes by adding nd as a pertur-
bation to the SU(3) Hamiltonian [13].
Leviatan [14] described level structure and calcu-

lated B(E2) values in the 156Gd isotope using SU(3)-
Partial dynamical symmetry (SU(3)-PDS). They
identified several classes of (2 þ 3)- body IBM
Hamiltonians with SU(3) PDS and obtained an
improved description of signature splitting in the g -
band of 156Gd.
Raduta [15] utilized three versions of the coherent

state model, namely CSM, CSM2, and GCSM, to
describe the excitation energies and both intraband
and interband transition probabilities of the ground,
beta, and gamma bands in the eveneeven isotopes
150e160Gd. These nuclei were described in terms of
U(5) to SU(3) symmetries, with 154Gd displaying
features specific to the X(5) symmetry. Radhi [16]
described the 158Gd in IBM-1 and IBM-2. They
broke the SU(3) dynamical symmetry by intro-
ducing a value of pairing interaction, the de-
generacy is lifted and the energy levels are brought
up to the same order as the experimental ones.
Khalaf [17] examined and described the geometric
collective model and its application to nuclear shape
transitions in Gd and Dy isotope chains. Their sys-
tematic studies on Gd/Dy chains revealed a shape
transition from a spherical vibrator to an axially
deformed rotor when moving from lighter to heav-
ier isotopes.
In this work, we utilize an abundance of experi-

mental data to calculate the positive-parity excited
states and decay properties of the 156-160Gd isotopes
beyond the ground state band using the SU(3) and
broken SU(3) limits. Detailed analyses of energy
levels, electric transition rates, and quadrupole
moments are conducted and compared with the
available experimental data. The phenomenon of
back-bending is often observed, indicating a tran-
sition in the nuclear shape, such as from a more
spherical to a more deformed shape, or vice versa,
providing insights into the underlying structure of
the nucleus. Furthermore, potential energy surfaces
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(PES) for the isotopes of interest are computed and
presented through contour plots. The concluding
section summarizes the findings of this study.

2. Methodology

The IBM has become one of the most intensively
used nuclear models [18,19], because of its ability to
describe the changing low-lying collective proper-
ties of nuclei across an entire major shell with a
simple Hamiltonian, and its ability to reproduce
experimental data with relatively simple parameter
fitting makes it a valuable approach alongside other
methods such as the Nuclear Shell Model and
Geometric Models. While each method has its
strengths and limitations, IBM offers a balanced
perspective that effectively captures the essence of
nuclear collectively. In the IBM, the spectroscopies
of low-lying collective properties of even-even
nuclei [20] are described in terms of a system of
interacting s bosons (L¼0) and d bosons (L¼2) [21].
Furthermore, the model assumes that the structure
of low-lying levels is dominated by excitations
among the valence particles outside major closed
shells. In the particle space, the number of proton
bosons Np, and neutron bosons Nn, are counted
from the nearest closed shell, and the resulting total
boson number is a strictly conserved quantity. The
underlying structure of the six-dimensional unitary
group SU(6) of the model [22] leads to a simple
Hamiltonian, capable of describing the three spe-
cific types of collective structures with classical
geometrical analogues (vibrational [23], rotational
[24], and g-unstable [25]) and transitional nuclei
[26,27] whose structures are intermediate. In IBM-1,
the Hamiltonian is written in terms of boson crea-
tion and boson annihilation operators. Thus [22],

H¼ 3sðsy~sÞþ 3d
X
m

dym~dm þV : ð1Þ

where 3s, 3d are the s- and d-boson energies, sy (~s),
dyð~dÞ are the creation (annihilation) operators for
bosons in the L ¼ 0, L ¼ 2 states and V represents
the boson-boson interactions.
The Hamiltonian can be expressed as [19]:

The most popular Hamiltonian H is given by
Ref. [28]:

bH ¼ 3dbnd þ a0bP:bP þ a1bL:bLþ a2 bQ:bQþ a3bT 3:bT 3

þ a4bT 4:bT 4:
ð3Þ

wherebnd ¼ ðsy; dyÞ is the total number of dboson operator,bp ¼ 1 =

2 ½ðbd $bdÞ�ðbs $bsÞ� is the pairing operator,bL ¼ ffiffiffiffiffi
10

p ½dy � bd�1 is the angular momentum
operator,bQ ¼ ½dy � ~sþ sy~d�ð2Þ �

ffiffi
7

p
2 ½dy � ~d�ð2Þ is the quadru-

pole operator (c is the quadrupole and take the

values 0 and ±
ffiffi
7

p
2 ),bTr ¼ ½dy � bd�ðrÞ is the octupole (r ¼ 3) and hex-

adecapole (r ¼ 4) operator, and
3 ¼ 3s � 3d is the boson energy.
The parameters a0; a1; a2; a3 and a4 designate the

strength of the pairing, angular momentum, quad-
rupole, octupole and hexadecapole interaction be-
tween the boson, respectively.
The three dynamical symmetries of the IBM

model are expressed as follows [28]:

Uð5Þ : bH ¼ 3bnd þ a1bL:bLþ a3bT 3:bT 3 þ a4bT 4:bT 4: ð4Þ

SUð3Þ : bH ¼a1bL:bLþ a2 bQ:bQ: ð5Þ

Oð6Þ : bH ¼a0bP:bP þ a1bL:bLþ a3bT 3:bT 3: ð6Þ

Another advantage of the interacting d-boson
model is the matrix elements of the electric quad-
rupole operator. The reduced matrix elements of the
E2 operator T(E2) have the form [19]:

TðE2Þ¼a2½dysþ syd�ð2Þ þ b2½dyd�2: ð7Þ

where (sy, dy) and (s, d) are the creation and anni-
hilation operators for s and d bosons, respectively,
while a2 and b2 are two adjustable parameters that
measure the strength of each term. The quadrupole
moment for the L ¼ 2þ state is defined as [22].

H¼ 3sðsy $bsÞþ 3dðdy $ bdÞþ X
L¼0;2;4

1
2
ð2Lþ 1Þ1=2CL

h
½dy � dy�ðLÞ � ½bd� bd�ðLÞið0Þ

þ 1ffiffiffi
2

p bv2

h
½dy � dy�ð2Þ � ½bd�bs�ð2Þ þ ½dy � sy�ð2Þ � ½bd� bd�ð2Þið0Þ

þ1
2
bv0

h
½dy � dy�ð0Þ � ½bs�bs�ð0Þ þ ½sy � sy�ð0Þ � ½bd� bd�ð0Þi

þu2

h
½dy � sy�ð2Þ � ½bd�bs�ð2Þið0Þ þ 1

2
u0

h
½sy � sy�ð0Þ � ½bs�bs�ð0Þið0Þ:

ð2Þ
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Q2þ1
¼a2

ffiffiffiffiffiffiffiffiffi
16p
40

r
2
7
ð4Nþ3Þ: ð8Þ

3. Results and discussion

In IBM-1, the number of proton bosos (Np) and
neutron bosons ðNnÞ is counted from the nearest
closed shell without distinguishing between the
particle and hole character of the pairs, and the
resulting total boson number (N), N ¼ Np þNn , is a
strictly conserved quantity. The 156-160Gd isotopes
have fourteen protons more than the magic number
Z ¼ 50, with neutron numbers N ¼ 52 (away from
the closed shell of N ¼ 50), resulting in a total boson
number N ranging from 12 to 14. The fundamental
observable to describe dynamical symmetry of a
specific nucleus is R4=2 ratio, it has a value of 2.0 for
the U (5) vibrational limit, 2.5 for the O (6) g-un-
stable limit, and 3.33 for the SU (3) rotational limit.
The experimental energy ratios R of the 156Gd,
158Gd, and 160Gd isotopes are 3.237, 3.288, and 3.302,
respectively [29e31], indicating that they have a
rotational-like structure symmetry Table 1. As a
result, the Hamiltonian of the SU(3) limit [28] given
in Equation (5) is used in the calculations.
The energy eigenvalues of the SU(3) limit is given

by Refs. [22,24]:

Ej½N�ðl;mÞKLM〉¼a2
2

�
l2þm2þlmþ3lþ3m

�
þ
�
a1 � 3a2

8

�
LðLþ1Þ:

ð9Þ

where ½N� labels the totally symmetric irreducible
representations of SU(6), while ðl;mÞ represents the
SU(3) quantum number representations, and L re-
fers to the eigenvalue of the total angular mo-
mentum. The values K and M correspond to the
eigenvalues of the projection of the total angular
momentum along the z-axis in the intrinsic frame
and in the laboratory frame, respectively. The
ground state band has a (2N, 0) representation. The
g and b bands belong to the (2N �4, 2) representa-
tions and correspond to the quantum numbers
K ¼ 2 and K ¼ 0, respectively.

3.1. Energy levels and reduced transition
probabilities

The energy level calculations were carried out
with PHINT code [32]. The strengths of interaction
parameters a1 and a2 were evaluated from the re-
lations given in Ref. [28]. The parameters used in the
PHINT program are given in Table 2. The predicted
energy levels are shown on the right side of Figs.
1e3. The rotational character of ground state bands
is correctly reproduced by the SU(3) limit, but the
spectrum contains degenerate b and g bands.
Furthermore, in the 158Gd and 160Gd isotopes, the b

band is expected to be lower than the g band. To
account for the large difference between the exper-
imental and predicted data, we perturbed the SU(3)
symmetry by including a pairing interaction term.
The Hamiltonian used in the calculations is [28]:

bH ¼a0bp:bpþ a1 bL:bLþ a2 bQ:cQ: ð10Þ

Using the SUð3Þ þ bPbP interaction parameters, the
predicted energy levels in the b and g bands are

Table 1. The predicted R ratio in comparison with IBM limits and
experimental values [29e31].

Isotopes E4þ1
=E2þ1

Exp. Broken SU(3 SU(3)
156
64 Gd 3.236 3.333 3.325
158
64 Gd 3.304 3.324 3.341
160
64 Gd 3.307 3.319 3.333

Table 2. IBM-1 parameters (MeV) for 156-160Gd.

A N SU(3)a Broken SU(3)b CHQ

ELLa QQa EPSb PAIRb ELLb QQb

156 12 0.0184 �0.0301 0.040 0.000 0.0160 �0.0305 �2.958
0.000 0.0013 0.017 �0.0300 �2.958

158 13 0.0153 �0.0296 0.000 0.00328 0.0135 �0.0300 �2.958
160 14 0.0166 �0.0226 0.000 0.0170 0.0160 �0.0232 �2.958

EPS ¼ 3; PAIR ¼ a0
2
, ELL ¼ 2 a1,Q.Q ¼ 2 a2 and CHQ ¼ ffiffiffiffiffiffiffi

5 c
p

are

in the notations of PHINT program.
a Calculations ɪ.
b Calculations ɪɪ

Fig. 1. 156Gd experimental [29] energy levels compared with IBM-1
prediction (calculation II).
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accurately restored to their experimental counter-
parts, as shown on the left side of Figs. 2 and 3 This
breaks the degenerate (l-4,2) representation of the
SU(3) limit, thereby removing energy state
degeneracy.
However, while the pairing term was adequate to

lift the degeneracy in the b and g bands of the 156Gd
nucleus, the obtained wave function was not suffi-
cient to produce a B(E2) value closer to the experi-
mental value for most interband transitions (see
Table 3 column 4). Instead of pairing, the nd inter-
action term is used in the following Equation [28].

bH ¼ 3bnd þ a1bL:bLþ a2 bQ:bQ: ð11Þ

The predicted energy levels for 156Gd, based on
the broken SU(3) þ nd interaction parameters, are
shown on the left side of Fig. 1. Table 2 displays the
values of the fitted parameters. Figs. 1e3 compare
the experimental spectra of the 156-160Gd isotopes
[29e31] with the predictions of the SU(3) and broken
SU(3) limits. The broken SU(3) limit provides a
satisfactory description of the band structures in the
156-160Gd isotopes, calculating energy states that are
closer to the experimental values than those pre-
dicted by the SU(3) limit. Levels denoted with "( )”
indicate cases where the spin and parity of the
corresponding states have not been experimentally
established.
Fig. 4 shows the ground state band levels of the

156-160Gd isotopes. With increasing neutron number
N, all levels appear to exhibit a smooth decrease in
the energy value. The decrease in energy value of 2þ1
and 4þ1 states occur in a consistent proportion across
all isotopes. This is reflected in the gradual increase
in the R-ratio values when switching from one
isotope to another, as shown in Fig. 5. The predicted
R-ratio values in both limits differ slightly from the
experimental value, but are identical to the standard
IBM rotational value.

Fig. 2. 158Gd experimental [30] energy levels compared with IBM-1
prediction.

Fig. 3. 160Gd experimental [31] energy levels compared with IBM-1
prediction.

Table 3. Parameters in (eb) of FBEM for B(E2) values calculation.

Isotope SU(3) Broken SU(3)

E2SD E2DD E2SD E2DD
156Gd 0.1200 �0.3549 0.1620 �0.0800
158Gd 0.1185 �0.3505 0.1490 �0.1300
160Gd 0.1093 �0.3225 0.1365 �0.1350

Fig. 4. Theoretical and experimental [29e31] ground state band energy
levels of 156-160Gd isotopes as a function of N neutron number N.
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The E2 transitions provide a more rigorous test of
the IBM model. In the IBM-1, the Tm operator takes
the form [19]:

TðE2Þ
m ¼a2½dy �~sþ sy � ~d�ð2Þm þ b2½dy � ~d�ð2Þm ð12Þ

where a2 and b2 are the E2 multipolarity co-
efficients that measure the strength of each term. a2

is the boson effective charge and b2 is a parameter
related to a2. The wave function obtained from the
diagonalization of the energy Hamiltonian is used in
FBEM program [32] to account for reduced transi-
tion probabilities. The value of the boson effective
charge a2 can be calculated using the following
formula for the SU(3) rotational limit [19].

B
�
E2;2þ1 /0þ1

�¼a2
2

5
Nð2Nþ3Þ ð13Þ

The values of input parameters E2SD ¼ a2 and
E2DD ¼ ffiffiffiffi

5
p

b2 of Equation (10) were normalized to
the experimental B(E2: 2þ1 /0þ1 ) value and presented
in Table 3. The predicted B(E2) values are shown in
Table 4 column 3 and Table 5 columns 3 and 6.
Intraband transitions exhibit noticeable B(E2)
values, but B(E2) values for b/g and g/g inter-
band transitions are negligible.
In calculating the reduced transition probabilities

using the broken SU(3) limit, the magnitude of the
b/a ratio in the E2 operator Equation (10) deviates
from the pure SU(3) symmetry value.
Consequently, the c value in the E2DD parameter

ranges from 0 to ±√7/2, rather than the rotational
limit. The newly fitted E2SD and E2DD values are
presented in Table 3. When B(E2) values are calcu-
lated with the broken SU(3) limit, the b⟶g and
g⟶g interband transitions exhibit nonzero B(E2)
values, as shown in columns 4 and 5 of Table 4, and

columns 4 and 7 of Table 5. This is because the SU(3)
B(E2) transition selection rule D(l, m) ¼ 0 is no
longer valid, allowing transitions between states of
different representations are not prohibited. Tables
4 and 5 compare measured B(E2) values of 156-160Gd
isotopes to IBM-1 predictions. We achieved the best
fit for the b⟶g and g⟶g interband transitions
using the broken SU(3) limit, rather than the SU(3)
limit, based on the available experimental data. The
predicted B(E2) values from SU(3) þ nd are the
closest to experimental values for 156Gd among the
three IBM-1 calculations shown in Table 4, and they
also align well with results from Partial Dynamical
Symmetry (SU(3)-PDS) [14]. The B(E2) ratio R ¼
ð2þ1 /0þ1 Þ =ð 4þ1 /2þ1 Þ, which is equal to1.4 in the
rotational SU (3) limit [22] is a good indicator of
nuclear collectively. Tables 4 and 5 show that the
strength of B(E2) values increases with mass num-
ber for the 2þ1 /0þ1 and 4þ1 /2þ1 transitions, with the
ratio R being 1.407, 1.409, and 1.411 for 156Gd, 158Gd,
and 160Gd, respectively. Furthermore, the IBM-1
determined electrical quadrupole moments Q21
correlate well with experimental results in both sign
and magnitude for all considered isotopes. This
explains the validity of the (IBM-1) in describing
these isotopes. The success of the broken SU(3) limit
indicates the necessity of considering deviations
from pure SU(3) symmetry to accurately describe
certain nuclei. This can provide insights into the
shapes of these nuclei as prolate.

3.2. Back bending phenomenon

The active nucleons interacting with the core are
considered the foundation of collective rotational
motion in the nucleus. As is well known, the tran-
sition energy between yrast levels increases with
angular momentum in the nuclei, but some nuclei
appear to change abruptly [33,34]. The rotational
energy can be calculated using this Equation [33,35].

-u¼ EðLÞ �EðL� 2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
LðLþ 1Þp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL� 2ÞðL� 1Þp : ð14Þ

The transition energy and angular frequency of
156-160Gd isotopes are calculated according to SU(3)
and broken SU(3) limits and compared to the
measured data in Tables 6e8.
The angular frequency obtained from broken

SU(3) symmetry agrees with experiment better than
SU(3) symmetry. In terms of transition energy, the
calculations showed good agreement with experi-
mental data at J ¼ 8þ for 156Gd and J ¼ 12þ for
158,160Gd, with the broken SU(3) symmetry data
being the closest to the experiment.

Fig. 5. The predicted R ratio in comparison with IBM limits and
experimental values [29e31].
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The plot of transition energy as a function of spin
is shown in Fig. 6. As angular momentum increases,
the transition energy between yrast levels also in-
creases, indicating the absence of the neutron pair-
ing decoupling effect, which typically occurs outside
the closed shell.

3.3. Potential energy surface

The potential energy surface (PES) in the nuclear
physics represents the energy of a nucleus as a
function of deformation parameters, typically
denoted as b and g. These parameters describe the
shape of the nucleus, where b indicates the magni-
tude of deformation from a spherical shape and g
describes the axial asymmetry of the deformation.
The PES calculations are carried out in conjunction

with the intrinsic part of the IBM Hamiltonian,
which is dependent on the shape variables b and g.
The (Gd) isotopes with mass numbers 156 to 160 are
of interest due to their transitional behavior be-
tween spherical and deformed shapes. These iso-
topes provide a good testing ground for the IBM-1.
The PES calculations are performed using the
intrinsic part of the IBM Hamiltonian, which de-
pends on the shape variable b and g. The intrinsic
ground state of the IBM-1 is defined by Ref. [28].

jN;b;g〉¼1
. ffiffiffiffiffiffi

N!
p �

byc
�N j0〉 : ð15Þ

where N is the boson number, j0D denotes the boson
vacuum and byc acts in the intrinsic system and given
by Ref. [28]:

Table 4. Experimental BðE2Þðe2b2Þ values in 156Gd compared with IBM-1 predictions.

Exp. [29]
PDS 

[14]SU(3) SU(3)+
P.P

SU(3)+
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by
c¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p �
sy þb

�
cos g

�
dy0
�þ 1ffiffiffi

2
p sin g

�
dy2þdy�2

���
:

ð16Þ
The Potential Energy Surface (PES) associated

with the IBM Hamiltonian of Equation (13) is given
by Refs. [36e38]:

EðN;b;gÞ¼ N
1þb2þ

NðN�1Þ�
1þb2�2 �A1b

4þA2b
3 cos3g

þA3b
2þA4

�
:

ð17Þ

Where Ai
0s are related to the coefficients CL; y2 , y0,

u2 and u0 of Equation (2).
The energy functional corresponding to the three

limits are given as [28,36e38]:

EðN;b;gÞ¼ 3dN
b2�

1þ b2� : Uð5Þ ð18Þ

EðN;b;gÞ¼kNðN�1Þ1þ
3
4b

4� ffiffiffi
2

p
b3cos3g�

1þb2�2 :SUð3Þ ð19Þ

Table 5. Experimental BðE2Þðe2b2Þ values in 158-160Gd compared with IBM-1 prediction.

Exp. [30] SU(3) SU(3)+
PAIR

Exp. [31] SU(3) SU(3)+
PAIR

Table 6. Comparison of experimental, SU(3), and broken SU(3) symmetry results for transition and rotational energies in 156Gd isotope [29].

Jf/ Ji Eg(MeV) Exp. Zu (MeV) Exp. Eg(MeV) SU(3) þ nd Zu (MeV) SU(3) þ nd Eg(MeV) SU(3) Zu (MeV) SU(3)

2þ1 / 0þ1 0.089 0.0363 0.084 0.034 0.089 0.036
4þ1 / 2þ1 0.199 0.0983 0.196 0.096 0.207 0.102
6þ1 / 4þ1 0.296 0.1473 0.308 0.153 0.327 0.162
8þ1 / 6þ1 0.381 0.1900 0.420 0.210 0.444 0.221
10þ1 / 8þ1 0.451 0.2251 0.533 0.266 0.564 0.281
12þ1 / 10þ1 0.508 0.2537 0.645 0.322 0.683 0.341
14þ1 / 12þ1 0.550 0.2753 0.757 0.378 0.802 0.403
16þ1 / 14þ1 0.584 0.2918 0.869 0.434 0.920 0.459
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EðN;b;gÞ¼�kNðN�1 Þ
�
1� b2

1þ b2

�2

: Oð6 Þ ð20Þ

Where k ¼ � a2=2 and �k ¼ � a0. The parameters b
and g define the geometry of the nuclear surface,

with b taking values of b � 0 and g ranging from 0 to
p/3. The minimum values of b are bmin ¼ 0 for U(5),
√2 for SU(3), and 1 for O(6) [28]. When g ¼ 0�, the
nucleus takes on a prolate shape, while at g ¼ 60�, it
becomes oblate. Fig. 7 presents the contour plot of

Table 8. Comparison of experimental, SU(3), and broken SU(3) symmetry results for transition and rotational energies in 160Gd isotope [31].

Jf/ Ji Eg(MeV) Exp. Zu (MeV) Exp. Eg(MeV) SU(3) þ nd Zu (MeV) SU(3) þ nd Eg(MeV) SU(3) Zu (MeV) SU(3)

2þ1 / 0þ1 0.075 0.030 0.072 0.029 0.075 0.0306
4þ1 / 2þ1 0.173 0.085 0.167 0.082 0.175 0.0865
6þ1 / 4þ1 0.267 0.132 0.256 0.131 0.276 0.1374
8þ1 / 6þ1 0.353 0.176 0.360 0.179 0.376 0.1875
10þ1 / 8þ1 0.432 0.215 0.457 0.228 0.476 0.2381
12þ1 / 10þ1 0.506 0.252 0.555 0.277 0.576 0.2877
14þ1 / 12þ1 0.571 0.285 0.652 0.325 0.676 0.3382
16þ1 / 14þ1 0.631 0.315 0.750 0.375 0.778 0.3887

Table 7. Comparison of experimental, SU(3), and broken SU(3) symmetry results for transition and rotational energies in 1⁵⁸Gd [30].

Jf/ Ji Eg(MeV) Exp. -u (MeV) Exp. Eg(MeV) SU(3) þ nd -u (MeV) SU(3) þ nd Eg(MeV) SU(3) -u (MeV) SU(3)

2þ1 / 0þ1 0.079 0.0322 0.074 0.0302 0.079 0.0322
4þ1 / 2þ1 0.182 0.0899 0.172 0.0850 0.185 0.0914
6þ1 / 4þ1 0.278 0.1384 0.270 0.1344 0.290 0.1443
8þ1 / 6þ1 0.365 0.1820 0.368 0.1835 0.396 0.1975
10þ1 / 8þ1 0.445 0.2221 0.468 0.2336 0.502 0.2506
12þ1 / 10þ1 0.516 0.2577 0.565 0.2822 0.607 0.3032

Fig. 6. Comparison of the calculated transition energy as a function of spin with the experimental for 156-160Gd [29e31].
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the (PESs) for the 156-160Gd isotopes, demonstrating
that these isotopes are deformed and exhibit rota-
tional like characters SU(3). Fig. 8 shows the PES
plotted against g ¼ 0� and 60�, with 0 � b � 4. The

PES values for the 156-160Gd isotopes at g ¼ 0� are
(�4.662, �5.654, and �5.0338 MeV) at b ¼ (1.4, 1.4
and 1.4) respectively, indicating a more pronounced
prolate deformation compared to the oblate shape.

Fig. 7. The contour plots of potential energy surface for 156-160 Gd nuclei.

Fig. 8. The axial symmetric of the PESs for 156-160Gd isotopes.
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4. Conclusion

This comprehensive study significantly enhances
our understanding of the nuclear structure of
mid-mass Gadolinium isotopes. The systematic cal-
culations and analyses of the energy spectra, B(E2)
transition probabilities, quadrupole moments, and
potential energy surfaces (PES) have provided
valuable insights into the shape and collective
behavior of these nuclei. Initially, the SU(3) limit of
the Interacting Boson Model (IBM) was applied to
describe the isotopes 156-160Gd, which exhibit a
rotational-like structure. This limit adequately de-
scribes the level structure of the ground state band.
However, the energy levels and inter-band B(E2)
transitions for the b and g bands are not accurately
reproduced using this limit alone. By breaking the
SU(3) dynamical symmetry with a single interaction
parameter, the predicted values for these properties
align much more closely with the experimental
results.
The calculations reveal that the nd term with the

SU(3) limit is an appropriate interaction parameter
to study nuclei in the Gd region where the b-band is
lower than the g-band, as is the case for 156Gd.
Conversely, where the g-band is lower than the b-
band, the P.P term with the SU(3) limit is the best
one to describe 158�160Gd. This approach is favored
over the work of [9], which used a unique interac-
tion term with the SU(3) limit for the 142�162Gd
isotopic chain, describing all isotopes as U(5) ⟶

SU(3) transitional nuclei. The contour plot of the
PES shows that the 156�160Gd nuclei are deformed
and exhibit rotational-like characteristics.
The results of the current calculations for energy

states and decay properties in the 156-160Gd isotopes
show a strong agreement with experimental data.
Additionally, these findings are consistent with the
calculations from the SU(3)-Partial Dynamic Sym-
metry (SU(3)-PDS) model for the 156 Gd isotope, as
referenced in Ref. [14]. This agreement indicates
that our IBM-1 interaction parameters, which
incorporate a broken SU(3) limit, are effective in
describing the spectroscopic properties of the nu-
clides under study.
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